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TniL BakhshAlI Mathematics. 

BY 

BiBiiUTiBirusAN Datta 
( Umvemiy of Calcutta) 

hitioftiictorii 

In 1881, at Bakhshali, a village near the city o£ Peshawar in the 
north-westein comer of India, was diseovcied m course of excavation 
by a farmei, a manusoiipt of a woik on mathematics, written on 
biieh-baik The slimier poi lion of the manusciipt is destroyed 
and the ronaams consist of some 70 leaves of biieh-bark but some of 
these aie mere scraps lloornle published two accounts of it, a shoit 
oneUn 1883 and a fuller account^-^ m 1886. This last description 
was lepublished, with sonic additions in 1888 ^ The work has 
locently been printed and published by the Government of India 
with photo^iaphic faesimiloB and transliteration of the text together 
with a very comprehensive introduction by Mr. G. R. Kaye.'^ 

The BakhshftlJ work is a compendium of rules and illustrative 
examples, together with their solutions It is devoted to Arithmetic, 
Algebra and Qeometiy (including Mensuiation)* But comparatively 
veiy few problems dealing with Ocomotiy have romamod in the sur- 


^ Indian Antiquary , xn pj} B9 90 

® Verliandtnngen doB vu Intornationalcn Oriontaliaton Congresses, A,nsclio 
Soction, pp 127 eL seq 

^ Ind Ant , xvn (18PB), pp 38-18, 275-9 

* The BMishdU Manu<.cnpt--A study m Mediojval MaUiomatics « Parts I and II, 
Calcutta, 1927 , lieroaftcr this book will bo referred to as Bahh Ms Part III of the 
work IS still to be out Kaye made two previous communications on the subject- 
matter of the BakhshWt work (1) “ Notes on Indian Mathematics— Arithmetical 
Notation” (Journ Asiat Soo Beng , III, 1907), and (ii) “ The Bakhshlli Manus- 
cript,” Ihtd, VIII, (1912), 
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viviDg portion of the work, the majoi part of which is only of 
arithmetical interest The topics of discussion aie found to include 
fraction, squaie-ioot, aiithmetical and geometncal progiessions, income 
and expenditure, profit and loss, computation of gold, interests, rule 
of three, summation of complex seiios, simple equation, simultaneous 
hncai equations, quadratic equation, indeteiminate equation of the 
second degree, mensuiation and miscellaneous pioblems The treat- 
ment of all these subjects is found commonly m othei Hindu treatises 
on mathematics. More than this we are not m a position now to 
define the scope of the Bakhsh^li work It should, howevei, be noted 
that the sections dealing with those vaiious topics are not well-defined 
Buies and examples pertaining to any one subject aie oftentimes 
found mixed up with those pertaining to another One feature of 
the BakhshUli work deserves more notice than anything else : 

Although the work is arithmetical m form it would be misleading 
to desciibe it as a simple arithmetical text-book. No algebraical 
symbolism is employed, but the solutions are often given in such a 
general foim as to imply the complete general solution, t.e , the 
solutions, though arithmetical in form, are really generalised arith- 
metic, or algebra.*'^ 


Fanous o^imons abont its age. 

The composition of the oiiginal Bakhsh^li woik has been leferred 
to various dates by the pievious scholais. Hoeinle says '^lam 
disposed to believe that the composition of the foimei (the Bakhshflli 
work) must be lefeired to the earliest centuries of oui era, and that it 
may date from the third oi fourth century This estimation 

about the age of the original Bakhsh&li woik has been accepted as 
fair by eminent orientalists like Buhler'^ and historians of mathe- 
matics like Cantoi ^ and Cajou."'' Thibaut would like to put it as 
indefinite but he has, however, followed Hoeinle m accepting the 
date of the present manusciipt to be lying between 700 and 900 
A.D.^‘ But Kaye would lefei the woik to a peuod about the twelfth 


^ BaWi Ms , 4} 38 *" Ind Ant , \vu, p 36 

® Indian Paleography^ p 82 ‘ M Omiov, Geschohte der Math T, p 598, 

8 F Cajorij History of Mathematics, 2nd ed , Boston, 1922, p 85* 

Or Thibaut, Astrommie, astrologte und malhenialik, p. 75 
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(Sentui j The script; the lani^iiAi^O; the contents of the work/^ 

says he; far as they can any ehionoloi^ieal evidence; all point 
to about this peiiod; and theiois no evidence whatever incompatible 
with it/^i Wo believe; with lloernle; that the woik was wutten 
towards the begiiinnui^ of the Cliustian eia. Out aiguments m suppoit 
of this view will be given later on 


Balchslidii maihemahcH older than iJtr present nammnpb 

Hoeinlo thinks that the mathematical tieatiso contained m the 
Bakhshfl-li manuscupt is eon&ideuibly oldei than the present manus- 
cript itself, Quite distinct fiom the question of tho age of the 
mannseripV^ says he, “is that of the woik contained in it There 
IS Gveiy reason to believe that the BakhshA,li arithmetic is of a very 
eaiher date than the manuscupt ui which it has come down to us 
This eollclu^slon has been disputed and lejecied by Kaye who thinks 
it to be based on unsatisfactory giounds lie then adds, “ Of couise 
it will bo impossible to say derimtely that the manuscript is the 
onginal and only copy of tho woik but we shall be able to show that 
there is no good reason foi estimating tho age of the work as difCoicnt 
from the age of the manuscript to any considerable degree. Kaye 
has adversely criticised the lingmstic and paheographic evidenee of 
lloernle I fiankly confess that I am as ignorant of the abstruse 
sciences of language and of paheogiapliy as any other layman. So I 
am not in a position to judge the comparative value of the evidence 
and arguments advanced by the either sides m respect of those matters 
of the controversy But what t feel is this Kaye^s arguments, if 
proved sound and eufHciont, will establish at the most that the present 
manuscript was written about the twelfth eentury, as is contended 


^ Bakh.Ms.i^m 
Ind Ant , xvii, p. 36 
« BaM Ms , ^ 1*22. 

In suppoxfc oC this opinion, K^jtyo siabos “ There la ovidenco that the Ms. is 
not a copy at all It is not the woik oC a sin scribe there are cross references 
to loaves of tho mannsonpi', there is a case of wrongly numbering a sUra and the 
mistake is noted m another liand-wutiug” (p 74 in) The faqts noted in the 
latter part of this statomont cannot possibly support what is stated in the beginning, 
On the contrary they strongly tend to show that the present manuscript is a copy* 
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by him ^ Hoomle himself eonsideis it to be not much older, 
belonging probably to a period about the ninth eentiiiy of the 
Chiistian era,^ Most of the othei leasona of Kaye against Hoeinlo^s 
view, based on certain internal evidence, such as (1) the geneial use 
of the decimal place-value notation, ( 1 ) the oecurience of the appioxi- 
mate squaie-root rule and (3) the employment of the 'tegula fals^, 
will be shown to be resting on imperfect knowledge of the scope 
and development of Hindu mathematics There is, however, other 
mtoinal evidence of unquestionable value to show that the BakhshWi 
mathematics cannot belong to so late a peiiod in which Kaye would 
like to place it. 


BalhsMU work a commenhafij. 

There is another noteworthy fact about the work contained in the 
present Bakhsh&li manuscript. From the method of its treatment 
lioernle thinks it to be a harana work ^ lam led still further to 
the conviction that the Bakhsh&li work is not a treatise on mathc- 
maiios in its true sense, but a commentary — a running commentary, 
of course, — on such an earlier woik The manner of its composition 
and particularly the very elaboiate, lathei ovei-elaboiated details 
with which the various workings of the solution are most carefully 
recorded, without tiying to avoid even unnecessary repetitions, 
strongly tend to such a conclusion Here and there are given 
explanatory notes of passages, literary synonyms of words and techni- 
cal terms, some of which will noway be considered difficult, or which 
are already well-established For instan^ce, on folio 3 verso, the word 
parasparakriam has been explained by the woid gumtam {taia paras- 
parahriam gumtam) , again on a subsequent occasion, this latter 
term has been interpreted as equivalent to another more difficult and 
less known term aikyasa {taira guna ahliyasam, folio ^7, recto). 
On another occasion we have avTliipi avrUigurgam (folio K, leeto) 


^ Bahh Ms , § 186. Ind Ant , xvu, p 86 

» Ind Ant , xii, p. 89 

^ i’or a different use of the term pravrtu^ see folio 14, verso, and 16* 
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It IS stated m several instances that Imyamajpasiam ^ Here is a 
very typical passage fiom the woik^ — 

dtngJinamafh [ ad%dv%(jnna | 2 | chciT/ojjJittam ] cha 
{yd) uUamm [ ato idtmam patayitva ekam hhavaU 

The above stjle of composition IS very charactenstic of a com- 
mentary. And the whole work is written more or less m the same 
style. 

Happily we ha\e m the woik still mote conclusive pioof of this 
Theie aie some cioss-refeiences which are of immense help. For 
instance it has been observed about the 10th sUra (rule), which 

refeis to a method of multiplication, that this rule is explained on 
the second page.’’^ A similar remark has been made about the 14th 
sUra that it is written on the seventh page The importance of 
these two observations m determining the character of the BakhshA,li 
work cannot be ovei -estimated ^ It will be easily recognised that 
those observations cannot in any way be clue to the authoi of 

the original treatise For evidently those sutras occur at two places 
in the work. No author is likely to retain consciously such 

lecurrenees in his work and pass them over merely by giving 

a cross-reference So the duplications, as also the observations, 
must be attributed to a second person, the commentator. And 
they happened in this way • The original Bakhshflli treatise was not 
a systematic work It was an ordinary compendium of mathematical 
lules and examples m which the rules relating to the same topic of 
discussion oven, were not always put together at the same place. 
We notice this iriegularity of treatment to a ceitam extent m the 
jiortion of the tieatiso which hag been left to us. It may be pointed 
out that such irregular treatment is not at all unusual in ease of early 
works and we find another instance of the kind m the Aryahhattya of 
Aryabhata (499 A. D ). The commentator very properly attempted 
to improve upon the order, rather disorder, of the author, here and 
there, as far as possible, without disturbing it too much, by noticing 

‘ Polios 10, 12, 14. 

® Polio 06, vorso Tho portion withm tho brackets ( ) has been restored 
® sutraM dmt%ya patre mvantastx , folio 1, recto 

^ (sa)ptamiaM) patrehUhMutasU, folio 8, recto The loltors withm the brackets 
are missing in tbe manuscript 

” Por similar other remarks see folio 4 (verso) 
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and eommentmg upon at the same time the sutras which are very 
closely connected. So that he had sometimes to explain a sTUra eaihei 
than its tmn aeeoiding to the plan of the authoi Sometimes a 
commentatoi is compelled to refei to a subseipiont suira befv">re time 
owing to indiscietion of the aulhoi ^ Theiefoie when there comes the 
piopei turn foi the explanation of such a sutm, he simply passes it 
over^ veiy naturally, by giving the cross-reference to previous pages 
Thus there will lemam very lUtle doubt that the present Bakhshftli 
woit IS a running commentaiy on an earlier work Further there are 
found other cioss-referenees which veiy strongly suggest that the 
illustrative examples aie also due to the oiiginal author ^ 


Present mammr%pb a copy 

Inspite of what is stated on the contrary by Kaye, ^ tl ere aie 
many things to make one believe that the present manuscript is not 
the original of the BakhshA.li woik, but is a copy from another manus- 
cript For it exhibits wntings of more than one scribe, possibly of 
five ^ This can be explained most satisfactorily only on the assump- 
tion that it IS a copy Further on folio 4, veiso, is found an observa- 
tion as regauls a certain (rule) that ^'theie is mistake in the 

lule^^ {mhe hhrankinash) The style of wilting of this observation 
IS same as that of other writings on the leaf So there is absolutely 
no doubt that all the writings on the leaf are due to the same scribe. 
Moreovei, though this observation is placed between two lines of 
writings, it IS not an ordinary case of interlining. From the appoi- 
tionment of space in and about the remark, it is apparent that the 
remark was introduced at the time of making the copy, but not on 
any subsequent occasion. Now that observation cannot bo due to the 


^ l^or iiisiaiioo, ilio aiiUior may give «m illusirativo oxaiuplo which may involve 
a mathomabioal principle wluoli IS yoi to be e^plamod \n inatanco oC the kind is 
found in the TruaUka of {Srldhaia where the .iiithor very mdiscrotely gives two 
examples (JE\ 7) in illustration of the Uulo 19, whicli involves mathematical 
principles explained m tlio Uules 23 and 21 In this work the oamrnentator, who 
IS no other than the author of tho iteatiso haiuelf, gives the cross. rofoiencea 
(Tnaalikdi p 7) 

“ Vide infra, p 9 footnote 5 
* Bakh Ms , p 71: lootnoto 

Ihid,Vi> 
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author of the original tieatise. Foi no author would pass over a 
mistake in his woik with a mere obseivatioii that it is wiong. So it 
must be from another peison, possibly the scribe Theie is also 
author possibility, and there are reasons to believe it to be moie 
probable, that the seiibe found it in the copy which he used. In any 
ease, it will follow that the piesont maiiuseiipt is a copy, A moie 
conclusive pi oof of this is furnished by the colophon that the woik is 
“ written {Mhtam) by a Biahmaiia mathematician, son of Chajaka, 
foi the education of the son of Vasista » i Had Chajaka been the 
another ot the work, the moie appropiiate and usual word foi this 
colophon to hegm with would have been Icriam or vnacitam 
(“ composed ”) 

The scribe seems to be a caieless one For the manusciipt is full 

of slips and mistakes Hero are a few of them . 

(1) On folio 4, veiso, occurs the passage "shodfasamasutram 17 ” 
Evi Jently the figure should be 16. 

(i) On folio 8, recto, a portion “ uttaraidhcnabhajayet ” is deleted 
This was wiitten by mistake foi “ utlareiiabhajet ” which is the 
relevant partion of the suha meant foi quotation theie. The deleted 
poition can be tiaeed to a pieoeding sUlra (folio 7, verso). 

(3) On folio ]], veiso, 168 

L 

5 

1 

fit 

IS twice miswritten foi 1.58. This latter fiactiou is once again 

64 

wrongly wiitton as “ 158 to 1 sc I 1 j,’* Anotliei mistake on the 

I I 

leaf IS “ 93 to. S§a 9 , ” what is meant 93 j. 

(4) In the Bakhshfilt manuHCiipt, the end of a su(/a is usually 

marked by Owing to the carelessness of the scribe, the sign 

has been put many times at an intciraedialo place in the sulfa.^ 

rhese are considered suilieient to show the carelessness of the 
scribe. 

Folio 60, vorao • vaitsfaputraha StkasyUrlhe putra pauira upayogya’/k bhava- 
tuh hkhttarh, chaiakaputra ganaharUja brahmayena. 

» For instanoQ see folio 4, verso, 5, redo, 8, verso , 10, redo, 16 verso, etc, 
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D%8Ungmsliing features of the BakhsJidU niaiJiemati^*^* 

We thus notice m the present Bakhslulli mannscnpi It lio bandi- 
woik of three different types of scholars (1) the Writei of oii^nnal 
treatise, (2) the commentator, and (3) the senbe Of the Isitior typ«‘ 
again there are tiaees of the woik of no less than five difforcni parson^ 
who by their co-operation produced the piesent copy Wt" ^hall, how- 
ever, leave these speculative and eontioversial matters now* for broadc^r 
and surer facts m respect of which theie will be less scope foi play 
imagination and diversity of opinions. There aie certain ebaraetor- 
istic features of the BakhshMi mathematics, in the scope of topic^w 
discussed in it, in the method of their tieatment, m the tnaiiei of 
symbols and notations, and last but not the least, in pecnliantios of 
terminology, all of which considerably distinguish the work from the 
rest of the Hindu treatises on mathematics which are mors commonly 
known, eg, the works of Aiyabhata (449 A D.), Bi alimagupfti 
(628 A.D,), Sridhara {c 750 A.D.), Mahavira (850 A J) ) and 
Bhaskara (li50 A.D.), as also the commentary of Prithiiclakasvilmt 
(860 A D.) on the mathematics of Biahmagupta A careful seruimy 
of these characteristics, specially with a compaiative view, will n<jb 
only help us to make as fair an estimate as possible of the value of 
that work but will also be of much use m fixing closer limits to tin’s 
period of its composition, about which, we have already seen, there 
exist widely varying opinions Hence such a study will be of much 

more value for the history of early Hindu mathematics than iinyilnuir 
else. 


Method of exposiUon 

The most distinguishing feature of the Bakhshaii work and lln* 
one which strikes the mind of its readers first of all, is its too claboialc 
method of exposition which in certain respects is eharacterial icall y Hh 
own. A rule, called Mra, is stated first. It is then illustrafnd by a 
few example^ called mhmam, which is m most places abbroviatod 
into uda. Sometimes the example is called (<' quoKfcion 1 
Each example IS followed by a formal statement of the problem m 
terms of numerical figures and words or abbreviations indioativo of 


^ Folios 46, verso, and 65, recto 
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symbols of operation and of other relevant matters. It is generally 
called sthapam, but on occasions nyasa J or nyua-sthapana 2 After 
this comes the careful record of the ve.y elaboi ate details of the 
workings of the solution of the example, called harana, m course of 
which are oftentimes quoted fragments of the mra under which the 
example is placed If a solution requires the help of another mra, 
that IS also quoted For instance, the rule for finding the approxi- 
mate value of a surd is found to have been quoted again and again on 
every occasion where it is applied This method is now of great help 
to us not only to restore some of the mutilated as but also to 
reclaim others which have been completely destioyed in the present 
remains of the Bakhshftli work It is, in fact, from quotations in this 
way that we have come to know of the existence of the appioximate 
square-root rule {mde infra) Finally comes the verification of the 

solution, called pratyaya. Sometimes the same solution is verified in 
more than one way 

The above will explain in general the method of exposition of tlie 
Bakhshfdt work But there are also occasional deviations fiom it. 
For It IS not always that a svira is illustrated by examples and an 
example is followed by its solution Theie arc at least two mun m 
the surviving portion of the Bakhshilll wo.k which have no examples 
attached to them They have been passed over as having been ex- 
plained or written on preceding pages Two examples are left 
without solution with similar lemarks. Again solutions of examples 


‘ Fohos 23. recto 25. verso , 29, recto, and 65. verso Compare also folio 35. 
recto (a) and verso (5) 

‘ Polios 32, 30, 44, verso and 46, recto Tneso references must have escaped the 
notice of Hoornle who remarks otherwise (fad Ant xii. p 89 , xvii, p 34) 

„ It of ven^ation by the fourth 

mothoi (any arh caturtha-pratyayaM hyante) « ouim 

* Polios 1, recto and 3, looto 

' Fide folio 4, rooto “ (Examples) of tins kmd are also written previously 
on the olovonth page (evaih eUdasamapatrebhihhhtla purvepi) and folio 60 recto 
ekonovi&taHma patre vwanmu (“ explained on the Elst page”) These remartl 
imply that the mathomaticnl principles involved in the examples have been stated 
and Illustrated at difloront places of the Bakhshail work So thoso are further 
evidence of what we have already pointed out that the plan of treatniAnt 
the original BakhshaU troat.so is not a systematic ono ft also strongly suggests 
that tho examples (uddhardna) are also duo to tho original author Lcfthe 

commentator is responeiblo only for the statement, solution and vonfloation of an 

example 
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lai’O of (Iio last lionn of ifc will l«. i.k. 


f 1 q 
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There are no less than five applications of the above mle in the 
present Bakhshdli work, mz 


(0 


V4>1 =6+ A 

12 


[hiuy 

2(6 + 5/12)’ 


(w) 


a/105 = 10+-^ 

4 2(10+1/4) 


vmr =20 + 20 - ( 20 / 21 ) 

21 2(21 + 20 / 21 ) 


(iv) V889 = 29 + ^. 


(«) V 339,009 =679 + 5§1 (384/579)^ 

679 2(579 + 384/579) 


The above approximate formula is now generally attiibuted to the 
Qieek Heron (c. 200 A D.)2 , and it is restated by the Aiab Al-Ha§- 
Sarftr (c 1175 A D 7) and other mediaeval algebraists ** But it was 
known, as has been shown elsewheie, to the second order of approxi- 
mation, to the ancient Hindus several centuries before ^ 


1 Folios 67 and 64, verse, 45 recto, 66, recto and 66, verso, 46 and 46, 
recto Note the expression rnSta ZstsfofeoranyS or “the loot by the method of 
approximation ” (Folio 65, verso) 

» T Reath, Hutory of OreeTc Mathematics, vol ii, p 324, hereafter this book 
will be referred to as Heath, OreeJc Mathamatia Heron’s time is uncertain He 
may have lived in the 3i d century A D 

» D E Smith, 0 / Mathematics, m two volumes, 1925, vol ii, p 264, 

hereaftei this book will be referred to as Smith, History 

Bibhutibhnsan Datta, “Hindu Contribution to Mathematics,” Bulletin oj 
the Mathematical Association, University of Allahabad Vol I (1927 28), p 60 
Hereafter referred to as Hindu Contributions 


tob BAitHSHALl aiAiHJEMAtlCS 

Aryabhata and Brahmagupta give the foimulse^ 


IS 




^/a<+r =» + ^ 

Rodet 2 holds that a process of appioximation to the value of a 
surd was known to the authors of the Sulba-sUras^ the earliest of 
which was written c 800 B C 




(i-5i7r) 


2a + l 






where 


2<j + 1 


-- 1- ( 

"H 1 \ 


2(1 H- 1 


2 ( a+ 2aH-l) 


, 2a + 


2(1 +* 1 


hi ( ^ 2a + l ) 


n J , ^1 2 ci 4- 1 

-2^ a + ^^ + 


( ^~2a + l) 
tt + a+1 ^ 


This 18 an approximation of the 4 thL order Putting a=l, r^l, 
we get 

V2 = H- 4+ ^ ^ 


8 8 4 8 4 34 ’ 


^ B>odi&tf LcQons de Cahul d' Aryabhata ^ Br&hma sphufa siddhdnta XIL 7, 62, 
compare also J Tropfke, Oesohtchte der Elementur Mathematth , Berlin, 1921, 
VoL n, p. 188 

* L. Rodet, “ Sur •one m^thode d’approximation des raomes carr^a, conn® 
dans I’Indo ant^rieurment b 1 la conqufito d'Alexandro Bull Soc Math, d, F^rance, 
VII (1879), pp 98*102 j ‘'Sur les m^fchodea d^approximation ohez las aaoienB " 
Ibid, pp 169.167* 
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a result well-known in the Snlba-suir This rule gives an appro- 
ximation by defect whereas the pievious one bv excess Fuithei 
this was unknown to the Greeks, but the second approximation of it 
was known to the Aiabs ^ 

We thus leain that Kaye is wiong in asseiting that the scpi are- 
root rule was not used by the Hindus an! was not even noticed by 
them until the sixteenth centuiy 

Calculahon of errors and P^otes^ of 7econethaUon, 

The BakhshMi mathematies exhibits an accurate method of cal- 
culating errois and an interesting process of reconciliation, the like 
of which aie not met elsewhere They are necessuted by the appli- 
cation of the foregoing approximate squaie-root formula. There aio 
certain examples whose solution leads to the determination of the 
number of terms of an arithmetical progression whose number of 
terms is unknown, but first teim (a)^ common diffeience {(1) and the 
sum [s) aie known If the number of terms be t, then, accoidm^ to 
the Bakhsh&li work 

S= |(i5-l)-| + a I i, (1 . 


whence -(2a-d) + Vi2a-dy+Ms 

2d 

The negative sign of the radical has been overlooked m the BakliBhillt 
woik. Putting and Q = {2a~-d)^ + SdSj we have 

^i^ + \/ Q 

t — 

or 2df.+p=:^Q, 

also 2s = C^d + pi 

i Thibaut STispeots that this result might have been obtamod by tlui imdy 
Hindus by some geometrical devices It has been observed elsewhwo thnfc the 
result was more probably obtained by the process of continuod fraction UI$ndu 
Contnhuhon) 

* Smith, History, ii, p 254. 

® Bakh Af5 , § 69, compare also §§ 120, 134 
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Oftentimes m the e'siamples given the value of does not come out 
in exact terms, so that a method of appioximation has to be adopted 
21 ) 22 ) be the successive appioximations to the value of 
and let the values of 2 ^ obtained fiom them be , Neither 

of these values will evidently give the original quantity s when sub- 
stituted in the equation (1) for the purpose ot veiification of the re- 
sults obtained. Suppose the values of s conesponding to the values 
of t be Sj, Sq Then 


2s — t d 'pt 1 

or Sdsi + p^ = {2iid + p)^ 

and 8ds + = {2id + p)^ 

therefore 8d (s ^ - s) = (2 i ^ d + p) ^ - (2^ d + p) ^ 

Now 2tdi+p = qi 


Hence 


Since 


— s = 


8d 


^ s/ a^-i?=a + 


r 

2a 


= 2i, 


up to the first approxnnationi! 


wohave = 

Then will denote the frbt euoi. Therefore 


“-=ri 


Similaily for the second approximation, the eiror will be^ 

2 


^2' 


/ {r/2a)^ y 

\2(a + r/2a) J 


^ The KfUmli§aya probably refers to this second error* 
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We shall now refer to a specific instance, in which ‘ 
a=l, d=l, s=60 
The detailed workings given are 


8d:s=480, 2a-d=2.1-l=l. 480+l=4ul 


a/IsT =21— 

42 42 “ 42 


Then 


tj — 


1 / Vsso 

2 \ 42 / ~8r 


Hence 


, - ^i(^i +1) =.880 ^ 964 _ 848,320 
^ 2 84 163 14112 


and 


®a= U - 1800 

Qd 8\ 42 / 14112 


_ei_ 848,320 _ 1600 _ 846,720 
^ 8d 14112 14112 14112 


Again for the second approximation 


,425 ,042 - 400 _ 424,642 
21 2(21 + 20/21) 19,362 19,362 

t = l( ^ 124,642 , \ _ 405,280 

^ 2 \ 19,362 / 38,724 


^ Folio 65, verso and 64, recto Portions of the detail workings are not 
p reserved in th^ existing manuscript But they can be easily restored 
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... « - ^ 2(^2 + !) - 405,280 444,004 

^ 2 38,724 77,448 

_ 170,945,941,120 
2,999,096,352 

1_2 40 1 _ 160,000 

8d 8*x21»x(2l|i')2 2,999,096,352 

s = s,-'2= 1 79,945,941,120-160,000 
^ 8rf 2,999,090,362 


_ 179,945,781, 120_.. 
2,999,090,352 


Ncijative sign 

In the BakhshAli manuseiipt a negative quantity is denotel by a 
oross (+) placed after the number affected. Thus 117+ means 11 — 7 
This IS veiy remarkable Foi in the manuscripts of Prithudakasva- 
mt (860 A D ) and latei Hindu writers a dot is usually placed above 
the quantity for the same purpose, so that aceoidmg to them 11-7 
IS denoted by 11 7 The origin of the use of a cross for the negative 
sign has been the subject of much conjecture Thibaut has suggest- 
ed its piobable connexion with the Diophantine negative sign ^ 
(leveised i/i, abbreviation for A,(n/-is, meaning “ wanting '’) 1 This 
has been accepted by Kaye.^ But such a conjecture seems to be 
haidly reliable. For fiistly the Greek sign for minus is not if* but 
an arrow-head (/fv) and “ it is now ceitain,” observes Heath, “ that 
the sign has nothing to do with An ariow-head and a cross 

are too much different to be connected together, or too distinct to be 
confused for each other Secondly, the Greek symbol itself is of 
doubtful oiigin. And above all, we are not sure if it is as old as it 
will have to be for being the precursor of the Bakhsh^li cross For 
there is no manuscript of the AnthmeUoa of Diophantus which is 
oldoi than the Madiid copy of the thiiteenth century A.D. and 
again m many oases in this work, the negative quantity is indicated 
by writing the full Gieek word for “ wanting ” in its different case 


^ Ind Ant , xvii, p 34. 

" Baku iM's,§U27, via (1912), p 867. 

“ Heath, Oreek Mathemalios II, p 469, 


3 
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endings. So we cannot be suie i£ Diophantus did actually use that 
symbol for the minus sign ^ Under such circumstances it will not 
be proper and safe to assume the possibility of Greek connexion for the 
negative symbol of the Bakhshdli manuscript Hoernle thinks it — 
though he is not quite confident ii this respect — to be the abbie- 
viation ha of the word hamta oi nu (or nu) of the vord nyuna^ both of 
which means diminished and both of which abbreviations, in the 
Brahml characters, would be denoted by a cross ^ This supposition 
has got a very notable point in its favour. In the Bakhsh^li manu- 
script all the other aiithmetical operations are generally indicated by 
the abbieviations^, (initial syllables) of the words of that import, 
though often the woids are written in full and occasionally nothing 
IS indicated at all. So it will be very natural to search foi the origin 
of its negative sign in that direction In this way Hoernle’s hypothe- 
sis appears to be a very probable one But its principal drawback 
IS that neither the word hamta nor the word nyma is found to have 
been used in the Bakhshflli work m connexion with the subtractive 
operation. The nearest approach to that sign is that of h^a, abbreviated 
from hsaya, (*' decrease which has been used several times, indeed 
more than any other word indicative of substraotion. The sign for 
hsa, whether in the Biahml characters or m the Bakhsb^li characters, 
differs from the simple cross (+) only m having a little flourish at 
the lower end of the vertical line. The flourish might have been 
dropped subsequently for convenient simplification. 


Least Common Multiple. 

The plan of reducing fractions to the lowest common denominator 
before adding or subtracting is known correctly to the author of the 
Bakhsh&ll mathematics We nave a few instances of its application 
m the woik. In one instance,^ it is lequired to find the sum of the 
fractions 

a 11 11 11 11 

1 » -‘- 2 > ■*■ 3 ’ •*'6 


1 of Smith, History II, p 396 
s Ind Ant , xvu, p 34 

® It may be be noted that abbreviations of all sorts of tbiQga, mathematical as 
well as non-mathematioal, have been freely used in the BakliahiU work (vide § 62 ) 

^ Folio 1, verso 
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They aie first reduced to a common denominator {ladrsam 
kryate), so as to become 


120 90 80 

60’ 60’ CO’ CO’ 60’ 


respectively 


Finally the sum is stated to be 


60 


In a different instance,^ it became necessary to add up 


113 3 

2 ’ 3’ 4’ 5’ 

It IS stated that the sum, aftei havina; reduced to a common 
denominator {Iiarasatiiye krte •yuhann), will be On reducinij the 

fi actions 

12 i 

19’ 7’ II’ 

to a common denominator, they are stated to be lospectively,*^ 


924 886 78^ 

1468’ 1403’ 1463 


A fairly difficult ease is to simplify'^ 


-1-15+1 + 1 +ii+ 
3Ji ^ W 55 5^ 


1 . 21 . 121 


The lesult is correctly obtained as 


1807 

240 


* VoliQ 17, recto ® I^olio 2, verso* 

® l^hos 43, (recto and verso), and 44, (recto) Compare Bahh Ms , ^ % Tbe 
manuscript is erroneous here « so is also Kaye’s transliteration Our emendation is 
correct as it gives tbe correct result Tins is another prooC of the fault of the scribe. 
V^de also folios 44 (verso) and 67 (verso) 
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The method of finding the least common multiple is found m the 
Gamta^saia samgraJia of Mahavira (c 850 A and probably also 
in Piithudakasvimi^s commentary on the B7ahma-‘Sphnta~^nMhania,'^ 
but not in the woiks of Aryabhata, Biahmagupta and Bhaskaia 


Antlimehcal notation — JFord-nume? als 

The arithmetical notation generally employed thioughout the 
Bakhsh&Ii work is the decimal place-value notation. This fact has 
been differently utilised by different waters On the one hand 
Hoernle® and Buhlei,^ who believe m the antiquity of the Bakhsh&li 
mathematics, consider it as evidence of the eailiei date of the disco- 
very of that notation by the Hindus On the eontraiy, Kaye'"* who 
believes in the non-Indian origin of the place- value notation and in 
its late introduction into India, consideis its geneial adoption in the 
Bakhshllli work as proof against the hypothesis of the previous 
writers about the early date of this woik It is now definitely known 
that Kaye^s notions about the origin of the place-value notation is 
wiong It was invented in India about the beginning of the Chustian 
era, probably a few centunes eailier ^ But apart from that contio- 
veisy it should be noted that the nearly exclusive application of this 
notation in the Bakhsh&li woik is very much noteworthy inasmuehas 
in almost all the available Hindu mathematical treatises, save and 
except the AryahhaViya of Aryabhata (499 A D.), we find copious 
use of the word-numerals. There is, however, evidence to show that 
the author of the Bakhsh&ll work did know the principle of the woid- 
numeral system of arithmetical notation In it we find the use of 
the words ( = 1), ( = 6)^, and pUd with numeucal 

* Gamta-sura-^saThgraha, iii 66 Of Hindu Contribution 

® Oolehrooke, Hindu Algebra, p 281, footnote 1, p 289 fn Aho Brdhma^ 
sphuia-stddhdnta, pp 178-9. 

® Ind Ant , xvii, p. 38. i Indian Paleography, p 82 ® Bahh Ms , § 131 

® This has been proved by the writer in a senes of articles “A Note on the 
Hindu- Arabic Namerals” Umer Math Month, vol 33, 1926, pp 220 1), “Early 
literary Evidence of the use of the zero in India ” {Ibid, pp 449 64) , “ The present 
mode of expressing numbers ” (Ind Hist Quart , yoL S, im , pp 630 40), “ Al- 
BlrAni and the origin of the Arabic Numerals” (Proc Benares Math, Soc, Vol 7 
1928) 

’ Echo 60, verso * Kaye reads it as vasa which is meaningless It should be 
rasa (c/* Ind Ant,, xvn, p 41)* 8 
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significance The use of the last word is as old as the Vedas 
The fiist occuis as eaily as in the Jyobim Vedaf^ga'^ (c 1200 B C ) 
and the second m the CJiandak-sutm of PingaU (before 200 B C ) ^ 
Again m speaking of a very laige number 

2653296226447064994 83218 

the Bakhshfili mathematics wutes ^ 

Sadvzmmsca tnpaucasa e/conahzmsa eva ca 
Dddsaish) sadvtmsa calnhcabvdhmsa sajjbah 
Caiuhsastim {va) mbanamtm am 

Tnoaslti ekavzmsa aata, . pakam 

Clearly the principle of the word-numeral system has been followed 
m this instance The only departuie from its popular features lies 
m (1) the use of the number names m the place of the woid-names 
and (2) the adoption of the left-to-nght system in the ariangement 
of the figures. But these featuies, though not common, aie not 
altogether foieign to the system.^ Once at least the authoi has 
followed the right-to-left sequence For the compound woid catuh- 
pailca has been used to denote once | 4 [ 5 and again | 5 ] 4 (folio 27, 
recto) . 


Bupona Method, 

In the Bakhshfili mathematics, there are several mentions of an 
arithmetical process, called rupond kmana^ and in every case the 
reference is undoubtedly to the rule for the summationjof a senes in 
aiithmetieal progression, vi% 


‘ Yapisa’'JyoH§a, 23 , ArsaJyotmt 81 
® Ohandah Sutras vi, 34 ; vni, 2, 3, 10, 31, 18 

® Polio 58, recto This occurs in a problem whose only object seems to be to 
express this big number in figures Wo do nob find such a problem in any known 

Hindu arithmetical tzeatise This bespeaks that the Bakhsh&li work must be 
referred to the early period of the invention of the decimal place- value notation 
* The writer has published a comprehensive history of the origin and develop* 
ment of the word numerals m the Bangtya SdUtya Pan§ad Patnkat 1885 B S 
(1928), pp 8 80* 
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The origia o£ that name is supposed by Hoernle^ ICB-ye® to be 

lying in the fact that the rule in question began with the tariia 
rupona which corresponds to the 1) of the foimul^*’^ The teim 

literally means, deducting one/’ As the rule is nofc preseiv- 
ed in the available poition of the Bakhsbfi,li mathematics it is not 
possible to verify this supposition. Kaye, however, points out that 
the rule has very nearly the same beginning in tho 

of Mahavira Euponena gaccho dalt krtuh . TLhe nbovo 
interpretation of the oiigin of the term ^upona kar^V'^y though not 
impossible, does not appear to be very convincing^ The technical 
terms which are commonly used in the Bakhsh^ll^ mathematics in 
connexion with the arithmetical progression, such as adty praSAava^ 
caya^ uttara pada^ dhana^ etc, are all same as in the other Hindu 
tieatises, the name rupond karana is unique for it. It is not met with 
elsewhere. It is further noteworthy that no other term in the Uakh- 
sh&li mathematics, or m any other Hindu mathematical treatise, is 
known to have been formed m the same way, with the opening word 
of the rule. 

It may be noted here that in the BakhshS.li mathematics^ the word 
rupa occurs also with different significance than unity. For instance, 
we find^ 

(5/m) ptam jdtam 1^1 lahdham sarupa ( e^a rnpdk%kaifh\^\ 
e§a kdla . i \ n A^\pa Si rnpond-karanena phalaUx ru %\ dvi-^ 

1 I 1 I 1 I 


Uyasya tmim 


1 d^ 

7 

3 d% 

1 

1 

1 


pKa r% ^111” 


or ‘‘ .divided becomes ‘quotient plus 1 (r%a)/ this in- 
creased by 1 becomes , which time .by the 'iupo^llkaran[ha^ the 
result is m 21. Of the second, by the rule of three, the result is 
vu 21 .” 

In this passage the number 21 has twice been marked as 
abbreviated from mpa Again m a mira (folio 8, recto) related to 
an arithmetical progression, we find the passage 'labdhaidfh rTt^pannfh 
vimrdihet^ that is, ‘Hhe quotient should be indicated as rEpa ” Here 


^ Ind Ant , xvii, p 47 
a Bahh M5 , § 73 

® 11. 68k 


* Folio 7, verso 
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a^am the term mpa seems to have a purely technical significance. 
There are other instances in which ru;pa does not mean unity^ but is 
used in connexion with an integer ^ Similai use of the woid mpa 
IS found m later Hindu mathematical treatises wheie it denotes, 
besides l, an integei or the integral part of a mixed fraction.^ I 
venture to amend the woid rupona to lupana ^ Then it will mean 
making which means ^^known or absolute number/^ known 

quantity as having specific form^^^ So mpaw-karana will mean 
^The method of making absolute number,’^ that is, totalisation oi 
summation.” This hypothesis will be strongly supported by the 
expression rnpana kmanena phalam rupa 21 ” (or by ‘ the method 
of making rupa^ the lesult is rupa 21^-') 


Symbol for the unknown 

lu the Bakhshftli mathematics the unknown quantity is referred to 
by f.he symbol o, which is called hunya void ” or ©J^pty 
Strictly speaking it is not a symbol for the unknown as has been 
supposed by Hoeinle^* and Kaye For the same symbol has also 
been used foi the ^^zero” {hunya) of the decimal aiithmetieal notation 
T'‘hat is, indeed, its true significance Its use in connexion with an 
algebraic equation, in a sense other than for arithmetical notation, is 
simply to indicate that the quantity which should be there is absent 
or not known.® Hence its place in the equation is left vacant and 

this is clearly indicated by putting the sign of emptiness there. Or 


^ Folios 21 (recto), 00 (recto), 96 (verso) etc 

® See Brahma $phufa siddh&nta, xii 2 , 'Tniatihd^ pp. 7 et $e(l , Lctlavatl pp 6, 
7, liijagamta, pp 2 et $eq , (Oolebrooke Htndu Algehraf p, 149) 

® Jiupond may be an archaic form of rupana» 

^ See Momer Williams, Sanskrit BngMi Dictionary, revised Oappaller and 
Tjeumann, on rupa Compare this nee of the word rupa with its use m algebra m 
tlie sense of absolute known number m an equation. 

® 3?o1io8 22 (verso), 23 (recto and verso), oic 

« Ind Ant , xii p 90 , xvii, p. 30 

r Journ Asiat Soc, vm (1912), p 857 , Bahh, ikfs , §§ 42,60 

» Compare such expressions as mulah na pXayate (folio 13. verso. 16 v) pratha* 
maU na jdndmi (24, verso), pada^ na jflayato (64, verso), etc m each case of which 
the af^&ta (unknown) element has been indioatedlin Ithe statement by iunya, 
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m short, the use of the truly arithmetical symbol for zeio in an altt*'- 
braic equation is a clear proof of the want of a symbol for the na- 
known m the Bakhsh&lt mathematics Correctness of this inteipri*la- 
tion will be borne out by the facts (1) that this symbol does nowlmro 
entei into any operation, as it ought to have done had it been itniv a 
symbol foi the unknown, and (2) that oftentimes it is refeirod f 
sunya-sthmor or the empty place ''' piovmg thereby that notbnu^ 
in that place ^ This hypothesis will be fuither supported by the laet 
that the similar use of the zeio sign to denote the unkntnvii 
element in the statement (nyaaa) of problems is found in the 
meties of Sridhara® and Bhaskaia."^ Thus we have"* 

adth 20 1 o I gaochah 7 [ gamtam 24*5 | 

which is a statement of an arithmetical piogression whose first term w 
20, number of terms is 7, sum is 245 and whose common dilTerein*e 
is not known. Both these writers hav^e well defined notationB for the 
unknown, and do never use the cipher in this way in their t reat 
on algebra But as the use of algebraic symbols is not permiHBihtct in 
arithmetic, they make use of the cipher to indicate that ceitam cdamfnit 
in a pioblem is wanting Of course, the cipher has wider ubc ni tli«^ 
Bakhsh&li mathematics than m any of these works 

The lack of an efficient symbolism is bound to give rise to a cm t mil 
amount of ambiguity in the representation of an algebraic e(|uatiaii, 
especially when it contains more than one unknown.'"* Eor 
in^ 


0 5 mu o 

s(i Q 7 H- 

vtu o 

1 1 1 

1 1 

1 


^ Folios 25 (verso) and 26 (recfco) 

® Tmatikd, pp 19 et seq 

» LJZaijat*, pp ISetseq This is not evident from Colebrooke’e troiiHlutuiii yf 
the work where the cipher has been replaced by the query 

* TnaatsMi p 29 

® Nearly similar difficulty and iQconvenience were experienced by ilm Urii'lc 
algebraists who had only one symbool for the unknown 

« Folio 69, recto Hoernle and Kaye are not right in thinking that this 
ment represents 


+ and £15-^7 
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which denotes A/a; + 5 = s, = different unknowns will have to 

be assumed at different vacant places. Again in the statement^ 


5 5 

tz 6 

pd 0 

dlia o 

1 

1 

1 

' 1 

a 10 

u » 

-pa 0 

dAa o 

1 

1 

1 

1 


which refers to two arithmetical progressions whose first terms and 
common differences are different but known, and whose sums and 
number of terms are eq[ual but unknown, ® stands m the place of two 

different unknowns ^ To avoid such ambiguity, in one instance which 
contains as many as five unknowns, the abbreviations of ordinal num- 
bers such as pra (abbreviated from praihama, ‘^first^’), dvi (from 
dvitzya^ ^'second’^), tr (from trUya, ‘^third’^), ca (from caturtha, 
“fourth”) “and pam (from pa^cama^ “fifth”) have been used to repre- 
sent the unknowns , e g ^ 


9 pra 

7 dvi 

10 tr ' 

8 ca 

11 panh 

yntam jdtaih 
praiyaiha {ha^ 

7 dvt 

1 10 itr 1 

8 ca 

j 11 pam 

9 pra 

mena) 

'1 1 T ry f 1 o 1 1 n /fin\ 


16] 17118119 (20) 


which means 

+ + a;3+aj4. = 18, jC4 + a;5 = 19, ^ = 20 

The want of a proper symbol for the unknown eventually leads to 
the adoption of the method of “false position” or “supposition” for 
solution of algebraic equations. The solution generally begins with 
putting “ any desiied quantity” (yadrcoha) m the vacant place.'*^ 

^ Folio 6 , recto 

It 18 not easy to say what is intended to be implied by placing the unity below 
the cipher. It is supposed by some to be an indication that the unknown quantity 
will be an integer (Kaye, Bakh^ Ms , § 60), Such a supposition is quite untrue For 
in the instance cited while dhana is an integer (»65), pada is a fraction (»»18/8). 
Strangely this very statement has been quoted by Kaye ]ust after the remark refer- 
red to In certain instances, it is a mixed surd (vtde folios 6 and 45, rectos) 

« Folio 27, verso In one instance m Bhaskara’s B%]aga^%ta initial syllables of 
the names of particular things have been used as symbols for the unknowns, (Oole- 
brooke, Mmdu Algebra, p 195 , compare also p, xi) 

Gl, l . Bijagamta, p, 2. 

* YadfcchS, p%nyase iunye or yadvochd vtnyase sunye, that is “putting any 
desired quantity in the vacant place” (Folios 22, verso, and 28, recto). On another 
occasion it is said : K&mikarit iunye ptnyastarii or “the desired quantity is placed in 
the vacant place” (Folio 28, reoto and verso). We have also such eicpressions as 

4 


26 
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Origin of yavat4avat for the unhmwn. 

Later Hmdu algebraists are seen to use the term gamt4avat (''as 
iriaiiy as or "so much as’*) or its abbreviation ga to represent the 
nnknowii quantity in algebra We do not know when and how this 
term first entered into the science of algebra, but its use is found as 
early as in the writings of the eminent commentator and mathemati- 
cian Prithudabasvfi.mi (860 AD) i This writer sometimes calls it 
yavaha (or "as many”) and still uses the abbreviation ga ^ Now at 
least from the time of Biahmagupta (628 A.D ), if not earlier, the 
Hindus have adopted as symbols for the unknown quantities, the 
varriap This Sanskrit word denotes the letters of the alphabet as well 
as colours. And indeed both are known to have been used to represent 
the unknown ^ But gavat4Uvat is neither an alphabet nor a colour. 
Hence the suspicion naturally arises how such a term came to be used 
for the unknown. A careful investigation into the origin of this 
term will most likely give a peep into the early history of the growth 
and development 6f Hindu algebra. That suspicion perhaps came^to 
the mind of Pri thudakasv&mi when he most arbitiarily and erroneous- 
ly decided to call gavat tavat, a varnct, "In an example m which 
there are two or more unknown quantities,” says he, "two or more 
colours, as gavat tavai^ etc. must be put for their values/’^ BhSskara 

mpam datttjS or “putting one in the vacant place” (Folios 25, verso 
and 26, recto , compare also folio 22, verso) It should be noted that though the 
author promises to put any arbitrary quantity (yadrccha or K&mtJcani) m the vacant 
place, in actual practice, he has m most cases put only unity. Thus we find 
* -yadrccha il 1 II and **Kdmtkam 1 II »• These facts led Hoernle to conclude that 
these two words have probably been given in this connexion a peculiar significance 
as the number ‘one’ {Ind Ant , xvii, pp 39, 49) Such a conclusion has rather 
been too hasty For m one instance the arbitrary quantity is assumed to be 6 (tatrec- 
Folio 29, recto (b)), and in some other instances other values have 
been assumed (vide Bakh Ms , § 72) 

^ Oolebrooke, Hindu Algebra, p, 344, fn 2 and p 918 f n. 

It 18 not known now whether Brahmagupta used yavat-tavat for the unknown 
At least there is nothing to show that he did so The occurrence of the term itx tbs 
solutions of the examples given by Brahmagupta which are found in Oolebrooke ’s 
translation of the arithmetical and algebraic portions of his work cannot be 
taken as evidence in this respect. For, as has been already pointed ottt, they are 
not Brahmagupta’s own 

» Oolebrooke, Hindu Algebra, p. 288, footnote 1 ; p 292 fn. 

• Hindu Contribution 

♦ Oolebrooke, Hindu Algebra, p. 348 fu- 
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evidently could not reconcile himself with this forced interpretation 
of Pnthudakasvllmi, so he makes distinct mention of yavat tavat 
and votrna as symbols for the unknown and attribute the credit for 
the introduction of either symbols to the ancient mathematicians. 
Hence he observes ^ *^So much as’^ and the colours black, blue, 
yellow, and red^’ and others besides these, ^ have been selected by 
venerable teachers for names of values of unknown quantities, for the 
purpose of reckoning therewith/^ This, however, leaves still un- 
explained the origin of the term to yavat tavat 

According to Kaye,^ the origin of the term yavat tavat is possibly 
connected with Diophantus^s definition of the unknown quantity as 
containing an indeterminate or undefined multitude of units 
{plSthos monddon donston). Such a con3ecbure is too far fetched to 
be reliable It should be objected on other reasons also. For 
instance ydvat tavat stands on a principle fundamentally different 
from that of Greek pldlhos monddon donston, Diophantus calls the 
unknown quantity anthmos^ meaning humber and denotes it by a 
symbol which is an abbreviation of that woid or of its inflected 
forms. ^ The Hindu yavat idvai is neither a definition of the un- 
known nor its name, but a symbol for the unknown which has no 
connexion whatsoever with its name or its definition Kaye has not 
explained why the Hindus, if they weie at all influenced by the Greek 
science of algebra in the selection of a symbol for the unknown 
quantity, have deviated from the Greek punciple of selecting it 

The word yavat tavat is closely akin to yadrcoha in form and more 
so in import.^ I presume that the foimer has originated out of the 


' The reference here is to the use of the letters of the alphabet to represent the 
unknown He states, “Or letters are to be employed , that xs the literal characters 
k, etc , as names of the unknown, to prevent the confounding of them ’’ (Oolebrooke, 
Btndu Algebra 228-9) This pracUce again is originally due to “the ancient 
teachers of science,’’ but not to BhSskara himself 

* Oolebrooke, Etndu Algebra, p, 139 , also compare p. 228 , “For which (the un- 
known quantities) ydvat tavat and the several colours are to be put to represent the 
values,” 

® Kaye, Indian Mathematics, Calcutta, 1916, p. 26. 

* Heath, Greek Mathematics 11, ^ 466 ^ 

® Compare expressions like “ putting yadrecha m the vacant 'plW'(Wnva 
sth&na) ’’ of the Bakhsh&lt work and * putting yavat tdvat for the unknown (a^Udta) 
of later algebras What is called ^unya sthana in the Bakhshii.li work is denoted by 
ajflata in later times. 
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latter. According to the celebrated Sanskrit lexicographer Amarasirnha 
(<?. 400 A.D ), yavat denotes ^‘measure or quantity {mma)?- 
He had probably m mind the use of that term in Hindu algebra to 
denote ^Hhe measure of the unknown quantity’^ {avyakta mana).^ 
In this way it appears that the oiigin of the symbol yavat iavat is 
connected with the rule of false position in algebra ® 


In the BakhshS.li mathematics two sides of an equation are written 
down one after the other m the same line without any sign of equality 
being interposed. Thus the equations 

v'oj— 7=^, 

appear as ^ 


0 5 yu mu 0 

$a 0 7 + mu 0 

1 1 1 

11 1 


The equation 


is stated as ^ 


«j+2jj+3x3.i5+12x 4^=300 


0 

2 

1 

8 3 

12 

4 

1 

1 

J 

1 

1 

1 1 

1 

1 


dfaya 800 


Sometimes the unknown quantity is not indicated. Thus the 
equation 


® Compare ifPre’grT (Bijagantta^ 7). 

* Por a different theory about the origin of yavat tavat by Sarada Kanta 
Ganguly, see Bull Cal. Math Soc , XVIII (1927), pp 73 74 

* Folio 69, recto. 

* Folio 23, verso. See also folios 21 , 23, 24, recto, etc., 
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is represented as ^ 


1 

1 

1 

drsya 65 

2 

3 

4 

1 


This latter plan is followed in the anthmeUcal treatises of ^^rIdhara 
and Bhaskara According to the former ^ 


1 

1 

1 1 

2 

6 

12 


drhya % 


means | +|. + ^ )=2 

Bh§skara does not use the lines It will be noticed that in all 
the aforementioned woiks the absolute term is called drsya^ meaning 
visible/’ which is sometimes abbreviated into dr A distinction is 
sometimes made m its connotation in the different worts The pro- 
blems m connexion with which the above equations arise are of the 
same kind in all the works. But in the Bakhsh&li work, the term 
drhya refers to the “ gives,” while m the other works it generally 
refers to the remains.” There is, however, one instance in the 
Lllavail m which the connotation of driya is exactly same as in the 
BakhshiH work ^ This term is closely related to rupa, meaning 
** appearance,” which is the name for the absolute term in the Hindu 
algebra We find thus the true significance of the Hindu name for 
the absolute term m an algebraic equation. It represents the visible 
or known portion of the equation while its remaining part is practi- 
cally unknown or invisible. 

The above plan of writing equations differs much from the plan 
found in Hindu algebra in which (1) two sides are usually written 

^ I'oho 70, recto and verao (<J) See also folio 69, yerso. 

• TnsatikS^f pp. 13 et 8eq» 

* JjiZaaati, pp, 11 ct seq 

* The term dt^ycL occurs also in the Gantta»s&ra sa^grahct (iv. 4) in the sense of 
remainder/* 

• Lllmattp p 11* 
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one below the other without any sign of equality and (3) the terms of 
similar denominations are written below one another, the terms of 
absent denominations from either sides being indicated by putting 
zero as its eo-et&cient,^ 


Certain Comjplex Senes, 


As already stated, the author of the Bakhsh^li mathematics is well 
acquainted with the rule for the summation of series m arithmetical 
progiession Indeed he gives considerable importance to its treat- 
ment, There are instances of the geometrical progression in the 
work 2 There are further elemental y eases of a certain class of 
complex series, the law of formation of which is quite clear If 
^8 . denote the successive terms of any senes, we find series of 
the type^^ 


(1) + + ,-|-wn3^, 

(2) + +3ag +4^3 + . 

(3) aj + 2ai+3(ai + aa)-|-4(ai-|-aa +«,) + ... 

(4) ai + (2a,±5) + {3a,+(6+c2)} + {4a,±(6 + 2c^)} + ,.. 

(5) + (2ai + 6) + (Saj + (6 + d)} + {4a3 -|-(6-|-2c2^} + ,,, 

(6) «i + (2(Xx + 6)H-{3(aj-|-a3) + (6+c?)} + {4(ai +aa +»,) 

±(h + 3clf)} + .., 

(7) ai+(air+dai) + {air® +d(a^q-air)} + {aif® 

+d(ai-f air4-air®)} + ... 


^ Hindu GontnhuUon 

* Folio 51, verso 

* The senes oJ these types occur respectively on folio 22, verso. 23, recto, fi3, 
teoto and verso, 25, verso and 26, recto, 24, recto, 24, verso, and 26 , recto. 81, 
recto »nd versoa 
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Evidently the senes (4), (5), (6) are obtained respectively fiom 
the senes (1), (2), (3) with the help of the subsidiary series m arith- 
metical progression^ 

6 + (&Hh d) Hh , 

Similarly the series (7) is formed by combining the series in 
geometric progression 

+ -f 4-... 

with another series formed out of its terms m the following way : 

^i + («i+aa) + (ai+aa + a3)4- 

The law of sequence underlying the above seues is fully known 
to the author, as is shown by his explanatory notes. He says 
tada vargam tu hdrayet ('* then construct the senes ^ The series 
IS called tmga and the sequence ^mma The sequence of the third 
type IS aptly (tzSitd^yidivaigahrama , that of the sixth type yutagimita* 
yutakrama or yutagumtarnaJcrama according as the upper or lower 
sign in the terms are taken. 


Unle of False Toniion. 

It has been stated before that in the Bakhsh&li mathematics, 
problems leading to solution of algebraic equations are generally 
solved by a method which was known in the middle ages, amongst 
Aiabic and European algebraists, by the name of the Rule of False 
Position. We find m the Bakhsh&li mathematics two types of equa- 
tions which are solved by this method ^ 

(1) In the first type, the equation required to be solved is 

f{x)=p. 

The method indicated for its solution is to assume any arbitrary 
value g iox X I it will give 

say 

‘ Folio i28, recto. 

* Bakh Ms, 
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Then the tiue value of a? will be 

(3) In the second type, the equation given is 

If ^ be a value of x such that 

then the correct value will be 


The rule of false position is found in the works of most of the 
Arabic algebraists beginning with Al-khowS,uzmi (c. 826 A. D.). 
Fiom them it was learnt by the European scholars m the middle 
ages In India, it is expressly followed m the LUavatt of Bhaskara* 
This led Kaye to surmise that this rule was introduced into nor- 
thern India after the time of ^rldhara (xithcent)”^ But such a 
surmise, it will be presently shown, is wholly baseless 


Known to Mah^vlra, 

The rule of falsei position has been applied in certain cases in 
the Qanlta-sara-soLmgmha Foi instance, for finding out an unknown 
quantity {ai^ydMa^ ajMfa) the sum of the various fractional parts of 
which IS known, Mahavira says ^ 

“ The given sura, when divided hj whatever happens to be the sum arrived at 
in accordance with the rule (mentioned) before by putting down one tn the place of 
the unknown ^element in the compound fiactions), gives rise to the (required) 
unknown (element) in (the summing up of) compound fraotionn ” 

We have a few other instances of this kind in the work.® 
Further Mahavira has applied the method of supposition m solving 

• BaTch, Ms , § 72, 

• Gantta-sdra-sa^graha, m 107 Compare the original expression in this work 
rupaifk nyasydvyakte with the passage sunyerupaih dattva and similar other passages 
m the Bakhshait work (folios 25, verso and 26, recto , compare also folios 
22, 23) 

• Jtid, 111 122, 125. 132, 136-7. 
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certain geometrical pioblems ^ Hence Kaye is not truly accurate when 
he says * Mahavira (ix cent.), howevei, uses the method in rather a 
special way m connexion with a geometrical problem/'® In fact 
Mahavira has made more extensive use of the method in connexion 
with certain algebiaical as well as geometrical problems. Still it is 
quite true that he has not made as general use of the method as is 
found in the Bakhsh&li work, oi even in the LUavatl ^ In any case 
Kaye's hypothesis of the foieign import of the rule of false position 
into India after the eleventh centuiy must be abondoned. It should 
be further noted that Mahi^viia (c 850) is a contemporaiy of the 
earliest Arab algebiaist to use that lule, namely, Al-khowMzmi (<?. 
825) Hence it is quite certain that the Hindus have not taken the 
regxda fahi from the Aiab scholais, if they have done so at all from 
a foreign nation ^ 


Known sUll ear her tn India 

It should be observed that the rule of false position was resorted 
to by the Arab and European algebiaists at the early stage of 
development of their science when there were no symbols. It almost 
disappeared from amongst them, as it is bound to do, with the intro>- 
duction of a system of notations ® It will be nothing unreasonable 
to expect that such had been the case with that rule in India too, 

^ Tu 112i, 221J This should b© more accurately called the geometrical 
prototype of the regula fals% of algebra For further information on this point 
Vide infra p 61 fn, 

® Bakh Ms , § 72, This state mont of Kaye followed by anothei of same kind, 
“It (the regula falsi) occurs m no Indian work until tho tune of MahSvira” (§ 184i), 
will obviously oontiadict his previous statament, “Its ooourronoe in the Lildvati 
therefore seems to indicate that it was introduced into noithern India after the 
time of Srfdhara (xith century)’* (§ 72) Thus it appears that Kaye is not sure 
of his own grounds 

® Ooitam problems m the Bakhshli.H woik, Lildvatt (pp 10 et seq), TneatiJcd 
(pp IB et seq) and Q-amta sdra saihgtalia (iv 6-32), which are of the same kind 
but differ only m details, have boon solved m the first two works expressly by the 
regula falsi^ bub not so in tho other two works, though in them the unknown 
quantity has been tacitly assumed to bo one 

* It should be noted in this oonnoxion that while thoio are ample proofs m the 
writings of the early Arab scholais of their heavy indebtedness to Hindu Mabhe-* 
niatios it IS still to bo proved that tho Hindus took anything m return from 
them 

• Smith, History II, p. 487. 
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if it was ever followed here. Now it is au well established fact that 
the Hindus reached Nesselmana’s third and the last sta<?e of develop- 
Baent of the science of algebia long before all the other nations of th© 
world ^ They invented a good system of notations by the beginning 
of the seventh century of the ehustian era It has been laid down 
by Brahmagupta (6ift A D ) that a thoiougli knowledge of algebraic 
symbols (vmna) is an essential qualification for a good algebraist.® 
W© find mention of a symbol forj the unknown even m the Jir^a- 
hhMya of Aiyabhata (4?99 AD)® So the method of false position 
must have disappeared from India before that time Or it is at 
kiist bound to have been relegated to a very inferior position from 
that time. This will account foi the absence of the method from 
the works of Aryabhata and Brahmagupta as well as foi its limited 
application in the Gamta-s3ra-8amyraika of Mahlfcvira. There is now 
left no direct evidence from the Hindu souiee to show that that 
method was followed m India before the fifth century A. D, 
Unfortunately no Hindu treatises on arithmetic or on algebra which 
©an be definitely referred to that period has survived and come down 
to this day ^ Theie is, however, external evidence. A mediaeval 
Arabic writer of note, possibly Rabbi Ben Bzia (<5.1096) refeis the 
origin of the lule of false position to India.® And if our hypotbesis 
about the origin of the term yavat tavat for the unknown m Hindu 
algebra be true, it is in all probability so, then there will remain 
very little to doubt that the rule was known m India much 
earlier. 


Bkaskara^s me accounted for 

Application of the rule of false position by BhSskara can be truly 
and more reasonably accounted for m a different way than as a 
yesult of contact with foreign nations or on any other hypothesis* 
It IS not certainly without any significance that Bhaskara ha© 


^ Hindu Contribution, 

Brahma^uptja says By the pulverizer, cipher, ue^yativ® and aflartnative 
quantxhea. unknown quantity, elmmataon of the unddlo tern, colour, [or nymboluj 
aud factum, well uuderetood, a man become, a teacher among the learned and 
bj the affected square ” (Oolebrooke, Hindu Algebra, p 826) 

• Hindu Contribution 

• Leaving of oonrgethe Bakhshllt work which is under disouasion 

• Sguth, History II, p. 437, .footnote 1. ' ^ 
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applied that rule nowhere m his treatise on algebra where lies rfcs proper* 
place, but in his treatise on arithnaetic, and theie too m a limited 
way Still more siarnificant is the fact that one problem which 

occurs in his B^jagamfa as well as in his Lllavatl has been solved 
m the latter treatise by the method of the false position while in 
the former by the ordinaiy algebraic device of solving linear 
equations ^ Similar differential methods of treatment are noticed 
to have been followed in case of ceitam other problems which occur 
m both the works ^ Bhaskara has indeed been forced by circums- 
tances to do the same For as is well-known it is not at all 
permissible to use in arithmetic the symbols and notations which 
are freely permitted to be used in, m fact, whose use is essential for 
algebia. So a method which can be creditably followed in one 
place, may have to be shunned in another Now Bhaskara is found 
to have included in his arithmetical tieatise certain topics which 
should properly belong to algebra, e y, I^ta-kanna rule of, 
supposition” or “operation with an assumed number”), Varga- 
^ama operation relative to squares”), Qtma-harma (“operation 
with multiphcators ”), Knttaka (“ pulverizer ”), etc ^ Bhaskara has 
the following excuse for so doing 

“ Algebra is similar to arithmetical rules, (bub ouly) appears as if indeterminate^ 
(gutfa) It is not indeterminate to the intelligent • it is not certainly six-fold but 

many-fold Arithmetic is the rule of throe and algebra is fine sagacity What 

IS unknown to the highly mtolhgent P So it is spoken for the dull intellect/* 

In fact the difference between algebra and anthmetio is according 
to him very thin and lies m the demonstiation of the rules. 

^ LilSuati, p. 12 and Btja-ganiba^ Po 4,8 , Oolebrooke, Btndu] Algebra, pp, 24 

and 192, 

» Oolebrooke, Htndu Algebra, pp 30 (§ 67) and 212 (§ 18S) , SI (§ 68) and 211 
(§ 1S2> j 46 (§ 106) and 195 (§ Ul), etc 

® Kuttaha has been included into arithmetic by MahSvlra, Aiyabha^a II and 
Bhaskara, but not by Biahmagupta According to the omment commentator 
GaneSa it has been included into arithmetic for the pm pose of gratifying such 
as are not oonyeraant with algebra And ho has also pointed out that they are 
treated there without algebraic forms (Oolebrooke, E%ndu Algebra, p. 112 
footnote) 

♦ p 16 Similar obaerrationa have been repeated in the B'tjQga^ta 

(p 49) and Stddhanta-Stromam {Ool&dhydya, PraBnddhydya, verses 8, 5) These 
show that Bhaskara attached much importance to this view Compare Oolebrooke, 
Htndu Algebra, p. xix. 
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He says 

*‘Mafch0mabioians haro (looiarod tigohm to bo tominitaflno jouiod ilomoai* 
tration * else thoro would bo no diffomnoo btdwoon uiithuodu* and olgi*bn/^ 

The truth of tins cliotum will ho oliMrl.v in (‘vnioiicH ui Iho iroat- 
ment of the gu'fia-karma m the Ltlaoud and (In* miidfigniahanign in 
the Bl'}agai(iita. Both are piaeticnlly troatmonl of thn <inatlratio 
equations. But whereas we aro tjivmi only (ho woll-known formula 
for the solution of such equations in (ho fonnor work, wo have in (he 
latter the method of donvinp; that formula and that (no hy different 
writers. Now all those subjects will have to he treated without the 
help of the algebraic artdiees. 'I’lie method in most eases i« what 
may be called the "rule of supposition,” or ” opeiation with an 
assumed number.” That is, starting with a mnnlvor arbitrarily 
assumed (g^-rah or simply t^U), Bhiiskara shows how to obtain 
a solution of any given problem, which is sometiriies its nxaot solution 
or in other cases a particularly hunted (mo.» The general solution 
of the problems of the latter class cannot ho obtained without the 
help of algebra, In dealing with the topic i^it.knrmii, t he rule of 
supposition leads to an exact solution (and this has not oseaped the 
notice of BhSskara).” And that is what has ken ealled (he regda. 
ffllai in the west. It is noteworthy that this metliod did not attain 
much importance in BhSskara’s works as it once did in the middle 
ages in the west. 


Special terminology. 

n 1 Kenorally nmployed m the 

BakhshM mathematics are mostly same as in other Hindu treetises 
on ma ema los. ut there are a few which are hound to distin- 
goish It at oncefron* the rest. For instance, the common Hindu 
term for the reduction of fractions to a common denominator is 


Oolebrooke, Hindu Algthra, p 227 j Biiagaifita, p. 127. 
's'wtttgd %r>Tpirt anj; i 


Oomparealao. smoe the arithmetic of known quantity Uuakta) h on 

that of nnfcpown quantity (anpokto)- (Bl/apaeifa, p T t*’*'®***)-** 

* Oompaya Oolebrooke, Hindu Algebra, pp. 45 4(1 

* Lilivatt, p. 11. r . . 
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^avarnana, which means making of the same class/^ but according 
<50 the Bakhsh&li works it should be sadrsl-ikarana (^'making similar^’) 
01 Ama-smj/a-karana ('■^making the denommatois equah^).^ These 
two terms, though a little diffused, can be clearly recognised to be 
^ory closely lelafced to, and indeed pieeursors of the other term The 
word savarna is found only once in the Bakhshftli mathematics as 
forming a part of another compound word, kalasavarna^ which 
refeis to the fraction m general or at least to a paitieular kind 
of it 2 This term leappears in the sense of general fraction in the 
Qamta^satasamgfa/ia^ of Mahavlia and a nearly equal term m the 
of Sridhaia. Now the term savainana is commonly 
adopted in Hindu mathematics from the time of Aryabhata (499 
AD) So its absence from the Bakhshfili mathematics will strongly 
suggest to refer this work to a period anteuor to the fifth century of 
the Christian era Two other teims to lead one to such a presump- 
tion aie sthajiana and moie paiticularly nyam-sthapana It has been 
already pointed out that in the later Hindu tieatihcs on mathematics, 
the common technical term for the statement of a problem is rf^asa, 
while in the Bakhsh&li mathematics it is more frequently called 
siJiapana and occasionally nyasa or fiydsa-dJiapana ^ Now the com- 
pound 7iyasa-sthapana is redundant, for both the constituents of it bear 
the same significance, so that either would have been quite sufficient 
for the object m view Its occurrence, as also that of Mapana in 
the place of nyasa, very likely implies that the Bakhsb&lt work must 
be referred to a peuod of transition before the introduction of the 
modern term nyasa Again the usual Hindu teim for the senes, from 
tbe fifth century A D , is hiedM, meaning ^^seues”^ but corresponding 
term in the Bakhshllli mathematics is varga which means ‘'group.’^^ 
This term is also used to denote tho square of a quantity The term 


^ We purposely say should be For these two terms do not occur in the 
Bakhshfiili mathematics m the form m which they are stated But they will very 
logically follow from the phrases used in this connexion, e gf,, sadr^ai^ knyate (folio 
t, verso), hara sdmye hU (folio 17, recto) and fer(te) (folios 30, verso and 

B6, recto , 67 and 69, recto), 

® Bakh, Ms , folio 86, verso 
^ Gamta-sdra-samgrahaj m 1 

* Tmtika pp 7, 12, In this work the fraction is more commonly called bhmna^ 
which literally means “broken part,” it is also called kaldsavarnana 

® Vide eupra^ p 9 ® Vide eupra^ p 81, ^ 
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which once became so prominent m Hindu mathematiw 
to be adopted also by the Arabs/ occuis once m the HakhshAli 
mathematics ^ The term hama for the ‘^sequenee'^ is not found 
m other mathematical tieatises As has been aheady pointed out 
the name rupana-harand is also unique for it. There are a few 
other minor technical terms, specially m the titles ot sub-sections 
dealing with particular classes of problems For example, the sub- 
section in the BakhshAli work dealing with the muxure of golds of 
different varieties is called mvarna^haya /doss of gold”) , * in tha 
LUavatl^ it is called suvarna-gamta (‘^computations relating to 
gold ), m the Qamta-sara'-saTngrahai suva^na kuttlkara or 
ga'fhttay^ and in the Tiihatika^ ^t^vafna-'varTia-paTi'j'fia^a ^ The rul^ 
dealing with interest is called huifhdika/Sai^^7iaganci sutras, ^ while tho 
corresponding terms in all other works are different ^ One method lo 
the BakhshS,li work is called ekarasiatu kalana-^ga^tfa^prakrl^U*^ 
We do not find it elsewhere A few other peculiar technical terms 
are partha meaning ^‘series” and probably connected vrith partkakg^ 
and a derivative oiprtha (“several^’) ; dka'ttta ncieauing ‘instalments* ; 
pfavrth meaning original amount.** 


Symbols and notahons. 

The Bakhshdh mathematios is particularly characterised by th® 
absence of any kind of algabraic symbols and notations. Though it 
shows a fair degree of progress in the science of algebra, there m 
not even a specific notation to repiesent the unknown quantity. 
This must have retarded to a great extent any further progress 
m the science We have already noted how the laek of an efficient 


^ Hindu contnhuUon, 

® Folio 4, verso. 

* Bakh. S£s , toUo 16 , yerso IdanUt sumrnaksayai^ ■vakaySrm 

♦ LiiitJati, p 24 » * 


® VI 16 S, supmnugmitarupakumkara 

^ TfWatiMa, p, 25 
Folio 67, recto. 

• Gan.ta.«5ra-,aAgrafta. vi. 31 (vrddhv^dhana) ■, Limail, p 9 , 


^ Folio 60, verso, 

Ind. ise, xvii, p 278 


(mtiraka* 
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syiiabolism has given rise to a certain amount of ambiguity in the re-^ 
pi'eseatation of an algebraic equation and how it, often times, also has 
fco the adoption of the method of false position’^ oi ‘‘supposition*^ 
for the solution of the equation The lack of algebraic symbols has 
loft a further marked effect in the work It has necessitated the pre- 
servation of every detail of the workings of the solution of algebraic 
problems keeping up then geneiality throughout so that the final 
statement of the results should clearly piesent the whole formula 
involved “Indeed the numerical quantities in those problems are 
treated almost like algebraic symbols**^ Hence m this way the 
BakhsbS^li mathematics diffeis greatly from the rest of Hindu mathe- 
matics which manifests a good system of algebraic symbols. 

Theie aie no special signs foi the arithmetical operations in the 
BakhshMi work. Any paiticular operation intended is generally 
indicated by placing the abbreviation (initial syllable) of a Sanskrit 
viTord of that import after, occasionally before, the quantity affected. 
Tlios the operation of addition is indicated by yn (an abbreviation of 
meaning “aJded**),^ subtraction by + which is from (abbre- 
viated from hmyd “ dimmished^V multiplication by gu (abbreviation 
o£ ffuna or gumta, meaning “multiplied^*)^ and the division by 

^ Balih , § 41 , oompAre also § 38 

® S’ or example see folio 69, recto, where 

11 6 

0 5 yu means a; + 6 and - yii ? means 11 + 6 

11 ^ ^ 

^ V%de supra^ p 18 
B’or example, we have 

3333833 10 pw meaning 3x3x3x3x3x3x3x10 (*=21870) 
llllill 1 (Polio 47, recto) 

aad 

O I 1 3 f| 2 6 II 8 pti 7 11 4 i3fw 9|| 

X I 1 2 Ji 1 2+1 1 2+ 11 1 2l| 

! 

meaning aj(l + |) + {2a?(i + 1)— |^} + {8®(1 + |) — ^} + {4aj(l +|) — 

(Polio 26, verso). 

GDlie beginning and end of this illastration are mutilated but the restoration is 
oortain. Hence Hoernlo is not correct in stating hat “the operation of multipli- 
cation alone is not indicated by any special sign ” (Ind, Ant , xvii, p. 86) The 
oeco.rrenoe of an abbreviation for multiplication has not been noticed by Kaye (vide^ 

PaWh* f 02). See also folio 68, verso. , ^ 
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(abbreviated from dkaga or hhajtta^ divided’’^). ' Of these 
the more systematically employed abbreviation is that for the oper- 
tion of sabtt action and next comes that of division In case o£ other 
two operations, the indicatory words are often written in full, or 
occasionally nothing is indicated at all In the lattei case, the 
particulai opeiation intended to be carried on is to be undeistood from 
the context 

The principle of choosing abbreviations of the woids of respective 
imports as the signs of the first four fundamental arithmetical opera- 
tions, as found in the Bakhsh&li woik, is not met with in other Hindu 
treatises on mathematics, or indeed in any early mathematics The 
only symbol of an elementary aiithmetical operation which the early 
Greeks possessed, ,that of subti action, is now known to bo in no way 
connected with the Greek word of that import*^ Such is also the case 
with the later Hindu negative sign But the principle reappeais m the 
middle ages in Italy in the woiks of Pacioli (1494 A.D ) and others ^ 
for plus and minus only, and m Spam in the works of al-Qalasftdi(1480) 
piobably in a raoie general way The symbols of other arithmetical 
operations such as powers and roots, as also of factum, absolute term 
in an algebraic equation and sometimes also unknowns, have been 
chosen by the later Hindu mathematicians clearly on that principle. ® 


For instancdi see folio 13, verso, where 


1 1 11 IbU 

36 

|l 1 1 1 

1 

\\ 2+8 4+5 



means 


3 6 __ 

(1 """DCl + ■li)(l— + -!•) 


and folio 42, recto in which 


40 hhd 

160 

13 

1 

1 

1 



2 


means 


160 

40 


xlSi 


* Heath, fteefc Kathmat.oe II. p 459 Smith on the othei 
that It might have been so connected (Smith, BuUry 11, p 396) 

^ Smith, History II, p 397. 


hand coBjeofcure« 


I.. ^ ■ . ’.f, ■■ 

See Oolebrooke, Hindu Alg$lra^ pp, t^xiii, ’ ^ 
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In the Bakhsh&li work,^ the square root of a quantity is indicated 
by writing after it which is an abbreviation for mulci^ meaning 
root,” while m the rest of the Hindu mathematics, it is indicated 
by ha^ an abbreviation from laranl^ meaning “ surd.” 


So- called foreign influence. 

Kaye thinks that the BakhshMi mathematics contains unmis- 
takable signs of foreign, especially Muslim and Gieek, influence ** 
Of the two mam instances that he has cited in support of his conten- 
tion, one refers to the rule for finding the approximate value of a surd 
quantity.® We have already shown how wrong are his notions about 
the existence and knowledge of that rule amongst the early Hindus. 
It was, indeed, known to them long befoie the Greeks and the Arabs, 
Therefore the occurrence of that rule in the BakhshMi mathematics 
is certainly no evidence of its having foreign influence The other 
instance of Kaye is of doubtful value. It is as regards the use of the 
sexagesimal fraction. Kaye observes : 

** Apparently there only one purely arithmetical example of the use in the 
text and this example occurs, m connexion with a problem m anthmeiioal progres- 
sion, on folio 6, verso, and 7, recto, where the fraction 178/29 is expressed as 
6 + 8 * + 16 * ^ + 88 * ^ + 6 * This sexagesimal fraction is actually written thus — 

6 

8 

60 

16 cha° 

60 

83 h"* 

60 
6 ri*' 

60 

le® 6 
29 


and 


For instance, v%de folio 69, recto 

1 11 6 mu 4 

11 1 


11 7 + iwti 2 

11 1 


means 


means 


vTITs - 4, 


Vll - 7 =» 2 , 


compare also folio 67, verso Kaye is wrong am thinking that mu indicates 
“squaring** {Jown Aatat 8oc Beujf , viii, 1912, p 867) 

» Fide Bakh Ms , §§ 119-120, 184 Compare also §§ 43, 44 
» V%ds §§48, 69, 184. “ There is not much doubt about the exegesis of this 
rule ** 


6 
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Thd upper three figures are missing in the manuscript but the restoration o®rts.lx».^ 
Of the abbreviations stands for Upta (Gk lepU) which m Sanskrit 
ordinarily means a minute of arc, or the sixtieth part of a degree , flfcands 
nhpta, ordinarily a second of arc while stands for hsham oi ‘ remainder * 


Though certain weakness of this instance has been recognised 
by Kaye himself inasmuch as it contains apparent maccuraeies a#od 
obscurity — ‘ tjie term hjpta heie applies to “ third parts ’’ instead of 
‘‘fiist parts, and vihjpta to fourth parts ’’ — and inasmuch as Iao 
fails to give the correct interpretation of the abbreviation c/ia"^ in it, 
he feels no hesitation in emphatically asseiting that No siioh 
example occurs m any early Hindu work and there is not the slightest 
doubt that it indicates direct western influence Indeed our author 
could have haidly provided us with a more conclusive piece of 
evidenoe/*^ We shall first of all point out that it is not a case of 
the transformation of a simple fraction expressed m the ordinary 
way to the sexagesimal notation/^ as is supposed by Kaye. The 
fraction m question arises in course of the solution of the followiog 
example — 

“ A certain person goes 5 yojanas on the first day, and 3 yojaoista 
more on each succeeding day. Another who travels 7 yojanas por 
day, has a start of 5 days When will they meet, say, O I th© \mmt 
of the mathematicians ! 

If X be the number of days in which the second man overtake* 
the first, then by the conditions of the problem, we shall have 


7 (5 + a;) = 



10 + (a; - 



or 3aj2 - 7a; _ 70 = 0, 


whence x 


7 V49 + §40 

6 


dina (or days), 


‘ On reference to the manneonpt it will be noticed that there is room for 

^nelTif cons.deraAmn adono i* 

enspeoted if the restoration la as certain as is asanmed by Kaye 

* BaTch Jfs , § 88 ^ 

» im, § 128 
^ Folio 0, reo^'o, 
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the negative value of the radical is not considered in the work. 
Taking the approximate value of the surd, correct up to the second 
order, we get 

178 4 

ic = dtna = 6;^ dina. 

Expressing the fractional part of a dina in terms of the units of 
lower denomination, such as ghatiUa, vighaitka, etc , we shall have 

x = 6di. G gha. 16 ui 33*** A 

29 

We do not name the units of the last denominations. In fact, such 
names are not found m any Hindu work But, as has been suffi- 
ciently indicated by the writer, each succeeding unit is one-sutieth 
of the one preceding it 

It will thus be noticed that what Kaye misrepresents to be a case 
of an abstract fraction is leally a concrete case. What Kaye reads 
cha? IS unmistakably abbieviation for ghah'ka But even with 
this emendation, there remains much obscuuty about the instance. 
Kaye'^s reading of is correct but we fail to see how to connect ^t 
with gA'fkkU The unit, vzg/iahka does not occur any where else in 
the Bakhshili work, Furthei the names of units have been misplaced 
m the manuscript. But this latter may be explained away as due to 
the fault of the scuba. 

The above is not the only instance m India of the application of 
the approximate squaie root rule to a conciete case in which the result 
has been expressed m terms of the units of different denominations. 
For as early as the fifth century before the Christian era we find the 
instance,^ 

V 100, 000, 000, 000 yo^ana 

= 316,227 yojana 3 gavyuti 128 dhanu 13| angula 

and a little over 


^ JamhudvlpaprajHapitf SUtra 3, Jihdhhtgamasutra, Siifcra 82, eta 
The instance m question occurs in connexion with the calculation of the oir- 
oumferenoe of the Jambndvfpa which is of the shape of a circle and whose diameter 
18 100,000 yojam. The formula used m this calculation is 


oircuraferenoe «« -/lO x (diameter)* 


u 
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And this reappeais in the later Jama works also ^ Fall details 
calculation of the above value and of similar other Talues aie recorcb^d 
m the notes of Siddhasenagani (c 56 BC) on the Qommentmry 
Umasvati (c 150 B 0 ) on his own TaUvartkadktyaf^<^^^^^(^ ^ 

Other instances of the trace of foreign influeaco are stat^cnl by 
Kaye to be certain sorts of problems which lead to the solutitio of 
two particular types of linear equations, He does not, however, ii-ibwdi 
much importance to them for he apprehends that in those cafoO« 

IS possible that the problems reached the Bakhsh&H rnathematiCB l>y 
way of other Indian works One set of those probloms lead to 
simple equations', ^ 


1 1 , 1 s 

_ (c c)- 

^1 a2 ai 


=», 


CD 


or a; — ia;— ^ = — T C^) 

hi O2 hi 

Equations very similar to (^) appear in the mathematical pa*pyro« 
of Akhmfm ^ Theie is, however, this difference that in the problotiii 
of the Bakhsh&ll work, we are always given what is ‘ taken away * 
(T) from the original quantity (unknown) by the various epecifiiHl 
operations, whereas in the problems of Akhmim papyrus im 
what IS ‘left * (a; — T) after the operations Now the mathematical 
papyrus of Akhmim is supposed to have been written between thi 
6th and 9th centuries And pioblems leading to equations similar 
to (1) and (2) are well known m the Hindu mathematical treaiifiti 
written m that period, e g , Toisatika (c. 750)® and Qaifhtta-mrm^mfh^ 
graha (850).'^ They are probably contemplated m a rule of MrSAmm^ 
sjphuta-siddhmta (628) as is suggested by the illustrative example ef 
the commentator Prithudakasv^mi (860).® Further there are 


^ Vide for instance Jamhudvtpasamasa of XJmaivati (c* 150 B, olljf 

TrailolcyadipiJcd , and Laghuk^eirasamdsa of RatnaB^kharasuri (1440 A D|) 

^ Tattvaithadhigamasutra with the ooramentary of UmEsviti and ©f 

Siddhasenagani, Part I, edited by H R Kapadia, Bombay, 1926^ pp 258 2SC>* 

® Bakh Jfa , § 120 * /btd, § 89. 

® Heath, G-reeh Mathematics II, p 644 • p 1 1 , 

^ 111 127434, iV 29 32 

« XU 9 and PrithudakasT5m!'B commentary there on j <7/. Oolebrook^^ M%ni^ 
Algebra, p 283 fn 
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to believe that the Bakhsh&li work was wiitten long before the period 
to which the composition of the mathematical papyrus of Akhmira 
IS referred. In such circumstances those pioblems cannot be called 
to show the stamp of foreign influence 

The other set of examples give simultaneous linear equations 
of the type,^ 


+ CC2 + X3 — Ugj } Xfi'\’X-y — cifif . (3) 

or SiK— iKi = c — di 2 Ci, gai — 032 = 0 — dgiCg, 

— ==c — {£^03^ , (4) 

Some particular eases of (3), namely, when n = S 

JCjL Hh iCg = U j 032 "t* *^3 = a2> ^3H“03j~<X3 * (5) 

are evidently expressible m the form^ 

2aJ~a;2 = C2, . (6) 


One problem involving fi.ve unknown quantities gives a similar 
set of equations. Equations of the type (6) are supposed by some to 
be a modification of the type of equations considered by the Greek 
Thymaiidas and which aie solved by his well-known lule Epanthema ^ 
This resemblance leads Kaye to suspect an ultimate Greek influence in 
the origin of those problems.^ One point appears to be m favour of 
Kaye^s view namely that the simple equations of the type (5) occur m 
the AnthmeUca of Diophantus ® But it should be noted that the 
method of solution followed m the Bakhshflli woik is quite different 
from those of Thymaridas and Diophantus. Above all the equations (5) 
are but only particular cases of a more general type of simultaneous 
equations, namely (3), tieated in the Bakhsh^li mathematics, the like 
of which are not found in Greek mathematics Equations of the type 

I BaAiA , §§ 78, 79 

* Moro general equations of this type connecting n unknown quantities occur 
in the Aryabhatlya (i% 29) of 5.ryabha{a (499 A B ) 

» This supposition has been disputed by Rodet {Lemons de calcul d' Aryabhata) 
and Sarada Kanta Ganguly (Jo wrw. BOR 8oc , xn (1926), pp 88 et seq) The 
latter writer baa ably shown that the ao-oalled relation between the Hindu and Greek 
types of general simultaneous equations xs based on misapprehension* 

* BakK Ms , § 120 

® X 16 et seq , Heath, Greek Mathematics II, p. 486, 
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(4^) differ considerably m form, as also in the method of solution 
from the type of equations considered by lambliehiis who reduced 
them to a type to which Tliymaridas^s rule applies ^ Thus though 
there is a relation, that too in a modified way, m some paiticular 
cases, theie is nauch moie difference m other lespects So we shall be 
entitled to reject the views of Kaye It will thus appear tliat Kaye 
has failed to establish his hypothesis of foreign inflaexico in the 
Bakshhah mathematics In fact theie may be very little, if any. 

Impracticable problems 

There aie certain examples in the Bakhsh&li mathematics about 
which it may be lightly said that though theie is nothing wrong 
in the mathematical principles which they are to illustrate, all the 
conditions of the problems cannot possibly be realised ikJl life For 
instance, consider the following question ® 

“Oeitain king gives away in succession one-balf, ono.third and ono-fomth of 
his money , ho gives 65 in total How much money he had in tho beginning P ** 

It Will be obtained easily that the king had originally 60 coins* 
Now it may be very rightly asked how is it possible for one to give 
out more than what he possesses? Another impraoiioable problem 
of this kind occurs on folio 69, recto* ^ 

There is anothei set of examples which are speeiH^lly notable 
inasmuch as thou solution calls forth much mathematical skill and 
ingenuity of the eommentatoi but which on the whole are highly 
improbable. Solution of each of those problems leads to the detormina- 
tion of the number of terms of a series in arithmetical progression 
whose first term, common difference and sum are given. And sin* 
gulaily enough, m every case of them, the number of terms comes out 
to be irrational, so that its exact value cannot be determinecl at all. 
Hence it is found that the problems do not admit of a real solution. 
One such problem we have already referred to on page 44. There the 

^ Heath, Oreelc MathemahCM I, pp* 94 90 

Folio 70, recto and verso (o), Portioua of the ar® mming I hat the qaea- 
tion can be easily restored with the help of the statements 

» In this case the text is destroyed beyond restoration Bvt hhm Impraotioa. 
hihty of the problem will be recognised from the portion of the statement whioh 
1 ® left. 
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expression for the time m which two persons will meet contains a 
surd quantity. So the two persons will never meet But such an 
answer does not seem to have been aimed at by the framer of the 
problem. His original mistake has been m the selection of elements 
which are incompatible. Othei problems of this kind are mutilated 
beyond restoration m their original foim But their true nature can 
be readily recognised from the poitions of their statements which are 
still left ^ It should be pointed out that those problems probably 
deceived also the commentator to think sometimes that the number 
of terms of a senes m arithmetical progiession can be fractional.® 

Relation with other Hindu iieahses Bfdhma-s^huta-siddhdnta 

Hitherto our object has been to treat mainly of those matters 
in respect of which the Bakhsh&li mathematics will be distinguished 
from the rest of Hindu mathematics. Such a study haa^ of 
course, its worth in the help that it renders in estimating the true 
character as well as the proper value of the Bakhsh&ll mathematics. 
We shall now look up for those matteis of resemblance which will 
suggest a possible connexion, more or less close, of the Bakhshftli 
work with the one or the other of the remaining Hindu works on ma- 
thematics. Indeed without such an enquiry the present study will 
remain incomplete. 

Hoernle thinks that the Bahhsh&li work bears a peculiar 
connection” Bfdhma-sphuta-siddhdnta oi Biahmagupta. He 

has pointed out that ‘'there is a curious resemblance between the 
fiftieth Mira of the Bakhsh&li arithmetic or rather with the algebraical 
example occurring in that rntra, and forty-ninth {sic ) sutra of the 
chapter on algebra m the Brahma-Stddhanta, The sutras m 
question are in respect of the solution of the quadratic indeterminate 
equations of the type 

The swita in the Bakhsb&h work'^j is much mutilated, btlt daii be 

1 Bahh Ms , § 86, 

^ For m&tanoe vtde folio 7, recto, where the number of terms is stated to be 
{tatra padam) 178/29 On folio 46, recto, the pada isiso big a fraction as 69425/49200 
Compare also folio 46, recto 

8 Ind AnLf xni, p 87 , compare also pp!40, 46, 47. 

^ JBafcTi, Ms , folio 69, recto, 
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partially restored from the solution . “ The sum of the additiva 

subtractive numbers is divided by an assumed number j Iho tjuotiatif 

lessened by the same number and halved, is squared and added lo 
the subtractive number ” That is, 

where m is any assumed number The solution given by Brabiim- 
gupta IS exactly the same ^ There is also resemblancd between thi* 
two woiks in the matter of solution of the other type of the <|utclriitii3 
indeterminate equations that is still pieserved m the BakbshAlt work# 
namely 


— JiC — Cy — ^ZsaO. 
The solution obtained is^ 


where 18 an assumed numbei. This is closely Hko the 6oluti<ni 
found in the Brahma-sjphuta-siddkMa,*^ but it diiferfl Ounsidorably 
from the solutions given by Mah5vlra» and BbSskara." A Mtill 
more noteworthy point is that Brahmagupta has admitU'dly taken 
the solution from an earlier work which is not known now.'' 
Bhaskara does not treat of the other type of indeterminate equations 
noted above and Mahivlra’a solution of the same is very considerably 
different « ^ 

There are also other points of relation between the BakhshAI! work 
and the Brahma-sphuta-siddlania. In Hindu mathematios fractions 


^ Ind Ant , xvii, p 44 

* BrShma sphuta-stddh&nta, xviii 78, 84 

• Bakh Ms., fol .0 27. recto The text is rery mutilated. Compare also § m 

* xviii 60 Of Hindu Contribution * 

“ Oanita sSra la^graha, vi. 284 and vii 112^ Vtd$ mfra, p. 51 fa 

^J Bimamta.pp 123, Oolebrooke. Hindu Algebra, p 270, riMu Contnbu. 

tooLotlT^ ‘ p. 3fli, 

• Tide infra, p 5, 
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are usually divided into differeat classes {jati). One class, whicli 
IS truly of the most geneial class consisting of fractions of all the 
other varieties, is called in the Bakhsh^lli woik as pa%cami jah 
(“ the fifth elat-s ") ^ This is very significant For accoiding to 
Srldhara,2 Mahavira,® Skandasena and otheis,^ there aie six classes 
of fractions and the class lefeired to should be called, according to 
them, Bhaga-mata (oi “mother-fraction”). Bhaskaiia has reduced 
the number of classes of fractions to foui ® It is only Biahmagupta 
who is known to recognise five classes of fi actions.® Further we do 
not find in his woik any kind of special technical names, as are 
commonly found in other Hindu tieatises on mathematics. Hence, 
in the matter of classification of fractions the BakhshA.lt work is in 
complete agreement with the work of Brahmagupta There is an 
approximate formula in the Brahm-spImta-siAdJianta,’’ which leads to 

(a-l-ir)2=a2-f 2ax, 

wheie r is very small in comparison with a. This can be easily 
connected with the approximate square-root formula given in the 
BakhshAlt work thus 

Putting 6 for 2ax, this will become 
■^a^-he=a 

2a 

Oanita-saT(i-t0''nhgraha 

It has been observed by Kaye that “ in some matters of detail the 
BakhshAU work more closely resembles the Ganifa-sara-sarhgraha of 
MahSvIra than any other Indian work on mathematics.”® This is 
true to a certain extent and indeed to a greater extent than what 
has been noticed by Kaye For those matters of detail, so far as 
they have been pointed out by him, consist of a few pioblems® and 
a very few names of measures Those problems agree only to a 

* Bafcfi Ms , folio 62, rorso * Tniatika, pp. 10-12 

> Oantta-s&ra-samgraha., m 64 

* Befarred to by PnthudakasTami (860 A D ) Oolobrooke, H%niv, Algebra 

' LiUtsafi, pp 6 7 " Brahma-sphuCa-siddhanta, xm 8 , 9 

, 02 ’ • Balch Ms , § 119. 

* Ibid, p 141 , footuote 2 , § 80 5 p. 44, footnote 1 5 p. 61, footnote 2. 

10 Ibid, pp 64, 67 


48 


BIBHUTIBItTJSAN BATTA 


partially restored from the solution : “TheRiim of the additive 
subtractive numbers is divided by an assumed niiinbor ; the quotient 
lessened by the same number and halved, is squared and added to 
the subtractive number ” That is, 

where m is any assumed number The solution given by Hmbina^ 
gupta IS exactly the same.^ There is also resemblance between ibii 
two woiks in the matter o£ solution of the other type of the qutclmttc 
indeterminate equations that is still pieserved m the Bakhsbilt work, 
namely 


iry — i:r — cy — =a 0. 

The solution obtained is® 


dc+d 

m 


+ e, 


y = i + M , 


where m is an assumed number This is closely like the ioliifioii 
found m the BraHma-sjpkuta-szdMdnta)^ but it dijttars eoiiiidirably 
from the solutions given by MahSvIra® and Bh&kara.^ A ifill 
more noteworthy point is that Brahmagupta has admittedly taken 
the solution from an earlier work which is not kuowfi 
Bhaskara does not treat of the other type of indeterminali oqtiatioiii 
noted above and Mah&vira’s solution of the same is very ooniideralily 
different ® 

There are also other points of relation between the Bakbalillt wnrk 
and the ]Srdhma’-sj}]iuta-stddkania» In Hindu mathematics fmctioiii 


^ Ind Ant , xvu, p 44 

* Brahma sphuta-stddhanta, xviii 78, 84 

* Bakh Ms , folio 27, recto. The text is very mnHlated Compare alao S S8 

* iTiii 60 Of Hindu Contrihution 

' Ganita lara laihgraha, vi. 284 and vu X121 Vtds infra, p 61 fn 
Bijagamta.pp 123, Oolebrooke. Hindu Algshra, p. 270, mndu Crntribu. 

footnotT“ Oolebrooke. Bindu Algsbfa, p. 86i, 

® Tide in/ra, p 5, 
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are usually divided mto different classes {jaU), One class, which 
IS truly of the most geneial class consisting of fractions of all the 
other varieties, is called in the Bakhsh&li woik as ^aUcand jah 
the fifth ekbs ^ This is very significant For according to 
Sridhara,^ Mahavira,® Skandasena and others,^ there are six classes 
of fractions and the class lef erred to should be called, according to 
them, BJiaga-mata (oi ^^mother-fraction^^). Bhaskaia has reduced 
the number of classes of fractions to four ® It is only Biahmagupta 
who IS known to recognise five classes of fiactions ® Further we do 
not find in his woik any kind of special technical names, as are 
commonly found in other Hindu treatises on mathematics. Hence, 
in the matter of classification of fractions the Bakhshd.K work is in 
complete agreement with the work of Biahmagupta There is an 
approximate foimula in the BfaJi'tyici-Bpliuta'-siddhanta^'^ which leads to 

wheie X is very small in comparison with a This can be easily 
connected with the approximate square-root formula given m the 
BakhshSlli work thus 

Putting e for %ax, this will become 

2a 

Oamta-sara-sam^raAa 

It has been observed by Kaye that in some matters of detail the 
BakhshMi work moie closely resembles the Oamia-sara-^aihgraha of 
Mabavlia than any other Indian work on mathematics.”® This is 
true to a certain extent and indeed to a greater extent than what 
has been noticed by Kaye. For those matters of detail, so far as 
they have been pointed out by him, consist of a few problems® and 
a veiy few names of measures Those problems agree only to a 

1 Bakh Ms , folio 62, vorso ® Tr^atiU, pp, 10 12 

® (^anita-sdra-safn>graha, xu 54 

^ Referred to by Pritbudakasvaml (SCO A D.). Oolobrooke, Emdu Algebra 

» LiUvati, pp 6 7 ® Br&hma^sphuea^stddhantat xxi 8, 9 

7 xii, 62 ® 

• Ihtd, p 14.1, footnote 2 , § 80 j p. 44, footnote 1 , p. 61, footnote 2. 

Jbidjpp. 64, 67 

7 
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little extent m kind but differ greatly in other rcHpeeti. And in the 
matter of measures, there aie many times more iiouits of diwigreement 
between the two woiks than tlioao of agieemoul.* There arn, 
however, certain other matters which have not been iiotic(*d by Kavp, 
but which will appear to bo strongly m support of his eoiitention. 
Of these the two notable points are (I) thn method of redueiii^ 
fractions to the lowest common dononiinafor and (2) the nam« 
kalamvarna for fractions which occurs in thiwo two works. 
There are a few motion problems of tho sanic kind in the twa 
works.^ Another noticeable resomblanee lies in tlie religion* tenor 
underlying some of the problems in them.** Uut^ all these tnatfcr* 
taken together are not sufficient, I think, to ostablmh a direot, 
definite and near relation between tho BakhshAIi work and the 
Gamta-sara-samgrah. Indeed the matters of diffenmee tadween 
them will heavily outweigh m importance tho inattors of ri'semhlanpe. 
The problems, referred to above, arc too simple (o ho of any paiticular 
interest from the mathematical point of view.'* On tho oilier 
hand, the two works differ to a very considorable oxtotit 


‘ Compare particularly the tnoasnroa of time lemtlli (p. 01), monof 

(p. 66) and weight (p 08) used m the two works 

’ Qanda Sara saHigraha, ri 319 3271; Bakh Ms, folioa 4 (uiot.i ami vvfm). 
6 (recto), 7 (vorso), 8 (rooto) and 0 (recto) Onmpnro also ^ «:i. 

J For instance there are montioua of offerings for the imrjiose of worth (p 
(p»j3) to the different JTnas in tho Oarttta-sSra.saHtgraha, (pjt. 10, 1 !!, 82, SI, «8, 
64, 72, eto) and to Sira, TagudeTO and other gods and gmldottot, an ttlwi of gift* 
o Brahmaijas, and others in tho BakhshWt work (Folio* 21 . 20 . , 33 , 41, ; r/» 

§62). Eeferenoe to such religlou* matter*’ Is laroly noMood in any other IIM« 
worfc on mathematic*. Oomparo HM, p. U (Oolohrookt, Hm4u Algtbri, 

of the type”^^ problem of importance i* tho one loading to fndottrminate ei|tiaticinM 

iC + y + 

The piohlems a* etated in tho two work* differ in matter* of delail. Again 

rerfL^ffie th s T'V ** Impoisibte te wy 

w 162 8) n u?oLw ® 0«*»«l«**are.,gAs«|,n, 

of the kind of those moL prohlemrof “h“ Bakh‘sLr’““r'’t;‘?^'‘''“‘ 

XT. X , 01 me isakhghftl! work wkioli art inteftt.! 

mathematical interest m view of th« ffiAf- ii. ^ v mm wn ipwiiifci 

they* reqniro tho applicnittefi of th# 
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in some matteis involving important mathematical principles. For 
instance the indeterminate quadratic equations of the type 

have been considered in both the works Mah^vlia’s solution of the 
same is ^ 


4 


a*— » & + a 


where a is the excess ot a + b over the neaiest even number and where 
the upper or lower sign is to be taken accoiding as or This 

IS obviously very cumbrous and limited. So it diffeis veiy materially 
from the solution given m the BakhshA.li work which is moie elegant 
as well as general The only othei type of equations of the same 
class which occuis in this work, viz , 

— 6cc—oy — (3=0, 

appears in the Ganita^said’-samgraJia in a specially limited way. 
And the principle underlying the method of solution given in it is 
altogether diflerent.'^ 


^ Qan%ta'‘8dra sarngraha, vi, 275^, 

^ If the quantities a, b be fractional, it will bo necessary, as has boon pointed 
out by Bangacaiya, to romovo the fractional parts before the application of the 
formula. This can bo easily done by multiplying both the equations by tho square 
of tho least common multiple of tho donommatoi s of tho fractious Tho result 
obtained with these modilied values of a, t, will have then to be divided by that 
square (mde Kangaoarya’s notes on vi, SYSJ) 

» Mahflvfra has tho following geomotrioal proposition for solution To construct 
a rectangle (or a square) whoso area will be nurnGnoallg (smlnlchyayd) equal to its 
perimeter, side, or diagonal, or a simple part of any one ol them, or to an easy 
combination of two or more of thorn (vii 112i) Expressed m terms of algebra, 
this proposition will lead to tho solution of the indeterminate equation 

whoro f (x, y) m a simple function of known form Mahfflvlra’s solution of this 
proposition is as follows Take any othei %uro similar to tho ono required, then 
change its sides in the ratio ol its corresponding olomont e , porimotor, etc ) to 
Its area. This will give the sides of tho required figure. Divested of its geometri- 
cal garb this solution will stand thus Having obtained a general solution of the 
equation 

oj'® 
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The method of the "false position is undoubtedly ployed 
the two works. But whereas in the BakhshUlt mathematics it fi^urei 
as a very notable method of solving problems requiring the determiiia 
tion of an unknown element, it has been relegated to a very mferio 
position in the mathematics of Mahavira leaving aside, of course, it * 
geometrical prototype There are seveial examples in the two worki 
which may be represented by^ 


or 


«(— + -+• +~\ =R=x-T, 

VCj Cg C^/ 

(-a- 

e-6T)(l-T.') . ( 1- i) =B'=«-r. 


calculate the functions ojV f (^^ V') Thou 

a! = »' (»', y')ly'^ 

X y 

y = y'x Li^y'} ^f(^>,y')l^' 

The above motbod of solution is considered by Kayo to bo a kind ol the feffu I 
falsi (Bakh Ms t §§ ^72, 134) It plays an important rolo, much inori^ ibnn wlit 
has been supposed by Kaye, in the mathomatios of Mahilvira TiubwKl li has 
a powerful weapon at his hands an solving cortaiii goornotnoal prabltniiB loading I 
indeterminate equations of the second degree (Ganita sdra-sa^guiha^ viL 221 j 

of B[%ndu Contnlution) 

Another problem of Mahavira which is more directly connoctod with an oc|iif 
tion of this type IS To find the incroaso or deoroaso of two given luuiibors (ct, li 
so that the product of the resulting numbers wiU bo equal to another given numbt 
(d) (vi 284) This will require the solution of the equation, 

OT xy± (baj + a|/) + (ab— d)»0 

This appears as general in form as the one ooourrmg m the BakhahAli work* B t 
the solution given by Mahavira is muoh cramped, so very oonHiderably differc%i 
from that in the other works According to him 

d+b ^ c+1 

Compare also vii 146 

* BahK ATa , § 89 , Gamta-‘8dra sarkgraha, iv 4 
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Similar examples also occur m other worts, so there is uothmg 
special about them ^ Only noticeable thing m them lies m some 
diffeiences, Foi m the problems of the Garbita-sara-Bamgraha, we 
always know E or E' (not T or T') which repiesents the quantity 
^‘remaining ” and so is very appropriately called drhya visible oi 
known whereas in the BakhshSlli work, we know only T oi T' 
which repiesents the quantity taken away and which is still called 
by the name dvsya There are also other diffieiences in matters of 
teiminology, such as hredhl, varga^ etc. 


Other Hindu Worh 

There is no maiked resemblance of the Bakhsh&li woik with any 
other Hindu work on mathematics so as to suspect a possible relation 
It resembles the Llldvatl of BhSskara in the application of the 
method of false position for solution of certain algebraic equations 
(vide supra p. 36) The two works agiee also in the manner of 
writing groups of fractions (vide infra) and in the similarity of a few 
examples. One pioblem in the Bakhshfi-li work is pioposed for 
solution to simda>i%, ‘'the beautiful one which will remind one of 
the similar mode of address in the Lildvati The cipher is found to 
have been employed in the two works in the place of an unknown 
quantity. 

The icsemblanee between the BakhshfiK work and the Tnmtikd 
of Sildhara is still meagre It concerns about (1) the manner of 
writing fractions {infra), (^2) method of writing equations, (3) the 
use of the term mpa m connexion with an integer or the integral 
part of a mixed fraction 

There are certain problems in the Bakhshftli work which give 
equations of the type 

Equations of the same type are found in the hyalJmiiya and m 
no other Hindu works But Aryabhata^s solution is different from 
that given in the Bakhshaii work. 


1 Tn$ahha, pp. 13 et seq , Lilavcfti^ pp. 11 et seq 
a B'olio 34, recto. 
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Mode of wnUng fractions. 

In the BakhshMi mathematics, the mode o£ writing fiaetion« iJ*** 
same as in the rest of Hindu mathematics I^i infetance ^ 

15 15 ^ 1 1 

means > 1 means 44- , and 1 moans 7 — 

^ 44- 

Kaye wrongly asserts that this mode of writmpf fractKniih if^ 
peculiarly Arabic,^ whereas the tiuth is on the contrary that the 
Arabs learned their mode fiom the Hindus.'^ The mode of writing* 
groups of fractions is as follows 


1 1 1 

1 

4 3 6 

12 


The expression 


1 + 


IS written as^ 


till 

moans x + - 4- .p 

4 8 () 12 


IX -;)(■•;) 


0 

1 

1 

2 + 

1 

8 

1 

4 + 

1 

6 


or 


1 

1 

2 4- 


i 

1 

4 1 - 


1 

1 

5 


and^ 


1 1 
2 4 
1 

2 + 


1 

5 

1 + 

4 

1 + 
2 


^ Balth Ms , folio 12, yerso. 

® Journ As%at 8oc Beng HI (1907), pp 502-3, 

^ Hindu, Contribution , compare leforonoo givou fchoroui 
* Folio 13, reofco aad verso, of, foUos 10 15. 

“ Folio 62, verso 
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means 

Exactly the same mode of wntiD£^ groups of fi actions have been 
followed in the works of Siidhara,^ Piithudakasvaml^ and Bhaskara.^ 

J^e of the Bahhshdlt Work, 

One of the most difficult problems m the history of Hindu 
mathematics is that of the age of the Bakhsh^lli work The seholaily 
attempt of the previous writers at fixing the age of the work led, 
we have seen before, to various estimates ranging fiom the early 
centuries of the Chiistian era to near about the twelfth century They 
largely based their estimates on the hkrari/ palaeographic evidence. 
Our estimate of the age of the Bakhsh^lli work will be based 
primarily and solely on the Jmtoncal giounds In the absence of 
any othei direct evidence, there can be no bettei guides in that 
respect than the mathematical principles, symbols and terminologies 
employed in the work. On htstoncal arguments the age of the 
Bakhshftli work must be placed neaier the time supposed by Hoernle 
than that by Kaye 

As the present manuscript has been shown to reveal works of 
different strata as regards its character, it will be necessary to define 
clearly what we mean by the Bakhsh&li work. By it we always 
refer, not to the piesent manuscript, but to the work contained in it. 
The latter has been proved to be a perpetual commentary on an earlier 
treatise containing some mathematical sutras (lule) together with a 
few illustrative examples The present manuscript has fuither been 
shown to be not the oiiginal of the commentary, but an imperfect 
copy of the same. 

The pdaeogrnpMc arguments can fix at best the age of the present 
manuscript But who knows how many years or centuries had 
elapsed since the date of the composition of the original BakhshAli 
sutras till the time when a commentary on the same was written or 

^ Tiiiatiha^ pp 11 et seq 

* Oolobrooko, Btndw Algebra^ p 288 footnote, Compare also p, 16, footnote. 

® pp, 6 0t seq* 
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again Since the date of composition of the Bakhsbiili commi'iitiny 
till the time when the present copy was made? Eviclenee on 

the language will give some idea in this respect, but» wo Bliall loave 
its determination to the hands of the experts 

Let ns recall to mind the principal ehaiaeieristie^i of the BaklwliHli 
mathematics The most notable ones are the absonca of a hytnbol 
for the unknown and the consequent adoption of the motlunl of 
false position for the solution of algebraic equations. Indood owing 
to an mefiicient system of symbolism, the numerical c|uaiitituw have 
oftentimes been treated almost like algebraic symbols. It is known 
that the Hindus had a symbol for the unknown as early as the llfili 
eentuiy of the Christian era It is now forgotten how long ago the 
Hindus abandoned the rule of false position, at least a« an 
important instrument of solving algebraic equaiioiis. It mnsl he 
before that time. So these facts strongly suggest that, the 
BakhshMi work should be referred to an ago before the fifth eeufury 
A.D ^ Other remarkable things m the BakhshAli inathenuitieH 
are the application of the approximate square-root formula, the oalmila- 
tion of errors of different orders and the process of reconcih.ation* The 
formula is not found expressly stated m its entirety in any Hindu 
tise on mathematics from the time of Aryabhata (49 1) AJ).) oiiwiink. 
But it appears to have been well understood in India about, the begin- 
ning of the Christian era and m the few centuriCB just preceding it* 
The other two methods were probably known about the same time, 
They do not occur m any latei works. So the Bakhshfllt ivwrk 
was in all probability written about that time. 

There are a few technical terms in the Bakheh&lt work, mwh ii 
sUapana fox ''statement,” varga or parlfia for "Rories/* dfmafff for 
"instalment”, for "the original amount” and himm 

which have totally disappeared, whereas there are a finr oilier^, 
e g,, sadThl-harana or Tiaraeamga^'karmha and wbieli 

can be undoubtedly recognised to be precursors of the correiipoiifiiiig 
terms in the later Hindu mathematics. Hence th© work ilioiild ho 
referred to a stage in the growth and development of Ilintlti mathii- 
matics before its terminology took the present form. 


^ It IS held also by Kaye that the BakhshMi work wan wriiiini Iwifitrii ltw» 
iatrodnotioE of an algebraic symbolism into Hindu mathemaMoi (§| 7a iiiiil Kll), 
Bnt he erred about the time of the latter. 
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From tbe consideration of all those points of much Imtoncal 
impoitanee^ I am inclined to conclude that the original BaldishUli work 
was composed in the early centuries of the Chiistian era. While 
tbeie IS nothing whatever in the woik incompatible with it^ there 
aie, on the contraiy, a few othei facts also to point to thi^ period 
(vide tvfia). 


Ougtn of the Mathemniic^, 

It has sometimes been suspected if the Bakhshnli mathematics 
IS at all of Hindu ougin This suspicion has oiiginally been cieatod 
by Kaye ^ and has leeently found place into an advanced woik on 
the history of mathematics ^ Hence it is neeessaiy that the whole 
position should be carefully reviewed and eleaied of unjustifiable doubts 
and conjeetmes. 

Hoeinle holds that the Bakhshali mathematics is entuely of 
Hindu oiigin But he has been seveiely cuticised by Kaye for 
this view. And m a spuit of violent opposition he goes so tar as to 
lemaik that ^Hhe implication that the woik is wholly Hindu m 
ongin has never been pioved^’‘‘ Such a demand foi a proof of the 
Hindu oiigin of the BakhshUli mathematics seems appaiently to be 
pieposteious Foi the woik has been found on llmdu soil and is 
written in a language of the Hindus It evhibits many chaiaetenstics 
ol Hindu mathematies lienee ]astice and equity demand that the 
j)nma fam conclusion should be that the woik is of Hindu ongin. 


' ThiB auHpuioii was fiiati expressed !)> ICa^o in 1007 ITo ihon not only 
catogoncally denied tho aif?uniontH of iroonilcMii favoiu ot iho nihcpiity and tho 
Hindu ougin oC iho BakhsluIU maUiotUfitic H, but; also aMS(M Oal on the contiary tliat 
*‘overy one of tlieso pointH Hooms to nio to einpliam/o tOu* tait that thin wmk is not 
of pmo Indian origin cleaior ovidonoe loi anon Indian oiigm <ould not bo given’* 
(7oiun Asiai 8o< Beon/ , Z/I (H)()7), p bOli, and alao pp 502di) This Htandpomt 
ho gave up m 1912 in hia Iirnt o'^clusiv'o contiibution on tho HakhahUlt wmk. Ho 

thou Tiiado only a eovoifc hint (/cno a Asiat tof Bonq ^ \ lUf 1912, p ^50), Up 

to fcluH iimo ho aoems not to have soon tho ougiual BaKhshAlI nianuHCiipt In 
hia looonl woik, an edition ol tho Mb , ho has lost atod las Busjnuon on mmoi than 

one occasion (§{5 4 ?, dt) withoufc any attompt to suhst udiato it, an ho should 

have dono 

® Suiitli, Uhstoi y T, p IGl 
Ind A»t , Xm, p dnandpp 27 H 
" Bahh Ms, 127 

8 
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And that conclusion can be abandoned only when there 'forthcoine 
satisfactory proofs on the contrary and in no case before that. Kaye 
has failed to produce any sucli evidence. On the other hand as a result 
of scrutiny of the contents of the JBakhshAli work, ho is convinced 
to observe in his latest woik ^ 

*‘ But, of course, this evidonoo of woafcern influonco * (loos not moan that the 
work was nob Indian It is, indeed, almost as Indian as any other nintlioiuatioal 
work of the period It oontams roforonoa to rimdii mytholoKy and t<, Hindn 
deities and the language is Indian of a sort the soiipt is an off-shoot of tlu, olasHica 1 
script of northern India , the form of piesontation is Indian: nml th* maloriHl 
of moifc of fhe examples is Indian ’* 

To these facts we should add, what are still more important, that 
the scope of topics discussed m the Bakhshaii work and the 
methods of their treatment bear a very close relation to those that 

are generally found in other works of undoubted Iluidu oiifrin. Of 
the few signs of western influence noticed by Kaye, two principal 
ones have been shown to be misconceived and others can be, at the 
most adverse view, doubtful eases. And moie than these, Kaye hast 
failed to produce any point of resemblance of the Haklmhai? work 
with a non-Indian work. Hence there remains piaetically nothing to 
question the Hindu origin of the Hakhshllli matbernafiCK. Morcov(>r 
if we remember that the Bakhshftlt work was written in an ago when 
the Arabic civilisation was yet to be horn and that it exhibits no 
^ace of the piincipat ehaiaoteristios of the Greek inathcinaticB, its 
Hindu origin is assmed. 


Noteworthy omtasiona. 

Before concluding this study of the scope and character of the 
Bakhsh^h mathematics, reference should be made to another feature 
of It. No study of an eaily Hindu t.eatise on mathematios can 

he said to be complete without a notice of It. It is the onussion of 

rt!// n equations of the first degree 

m'l ‘r and 

favonmf°''f 

e subject of Hindu mathematicians. Attention of all them 

§ 121 This opinion is hardly oonsiatont with hia aiiRDioton about thr. 
Hindu origin of the Bakhahill mathematioa •««'picIot. about tho 

at enticmml on piiKes -U 
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from Aryabhata (499 A.D.) onwards was directed to its treatment, 
And one of their greatest achievements m mathematics is the general 
solution of the indeteiminate equations of the first degree, more than 
a thousand years before its rediscovery in Europe by Eulei. The 
Hindu mathematicians were so enamoured of this subject that they 
oftentimes included its tieatment in their treatises on arithmetics 
although they knew that it really belongs to the domain of algebra 
and IS actually retieated there. Anothei most notable feature of the 
classical Hindu treatises of mathematics is the treatment of the so- 
called Pelhan Equation. A great part of the algebiaic treatises of 
Brahmagupta and Bhaskaia aie devoted to this topic and m this 
mattei they anticipated the labours of Lagrange by obtaining its 
most general solution The treatment of shadow problems are found 
to be included m all the known Hindu treatises of mathematics So 
the absence of any refeience to any one of those subjects in the 
Bakhsbfi.li woik is very much noticeable. And it is all the more so 
on account of the fact that there is evidence of considerable skill m 
the treatment of sinaultaneous linear equations and certain indeter- 
minate equations of the second degiee IF these omissions have any 
fiignifieanee on the determination of the time oF the Bakashfili mathe- 
matics, they stiongly suggest to a peiiod about the beginning of the 
Christian eia But too much attention cannot be paid to these 
omissions, for they may be only appaient The entire sections deal- 
ing with them might have been destroyed, IJioiigh the possibility of 
such a consequence is not gieat, 

F S--- 

Aftei the above has been set into typi'^?, 1 liave discoveied a 
rernaikable passage in an early Jama earionical work composed about 
dOO B C or still earlier, which is hound to he (‘onsideied very irnpoi- 
tant for the history of Hindu mathematics It will also coiroboiate 
some of the views expiessed by the present writei m the foiegoing 
pages It 18 stated m the passage referied to {SfJiamngasufra, 
Sutra 747) that the topics for discussion m the science of calculation 
(saifiklti/ana) we ten m numbers, viz, peutkatma ( fundamental 
opeiations Bubjects of treatment rujpi (^'rope,^’ 

meaning geometry rah (‘‘heaps,*^ meaiimg '' mensuration of solid 
bodies halasavarna fractions ^avat tarai (‘^as many as,*^ 
meaning ‘^simple equations varga quadratic equations gha^na 
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cubic equations^^), varga^vaiga (^^biquadratic ©q nations and 

permutations aud combinations^'). Owing to the daterKi- 
ration of the cultuie of mathematics amongst tho Litei tTaina 
scholars and other Hindus in general, the comoientatoi Abhayatlova- 
suri (1050 AD) has committed seveial eirois in explaining the 
scope of the above topics, especially of those relating to algehia 
Still he has rightly hinted that the term H e(j[uivalinit to 

l/adrcekU or vaf/dha^ meaning ^^an aibibiaiy quantity (cf of 

the Bakhsh^li mathemities) This will eortoboiate tho viowh ex- 
pressed above about the close relation between these two touns and 
(p. ^7/ ) and the knowledge of the rule of supposition much earln*r in 
India (p 34) It appears fuither that in the centimes pi need- 
ing the Christian era that rule was legarded so impoi tant that the 
section of the science of mathematics devoted to its tieatinont was 
named after it The exclusive and prominent use of the lule in the 
BakhshS.li work strongly leal® us to coneliule, as before, that the 
work must have been composed near about the siine timti 1 1 nny 
also be noted that as the teim tdimt ha^ entered Hindu ni it he- 
matics before (at least by five centimes) the tirno of Diopbant.ns 
(o %lo AD), the fathei of Greek algebia, those who have att(Mnpt»'d 
to connect it with the woik of this latter wiiter in the hope of nhovv- 
ing the mfluenee of Gieek algebia on Hindu algebia, will have now 
to admit that the balance of evidence is piston tln‘ cuntiaivso 
that Diophantus might have got inspnation from India 

For further and fuller discussion of the passage, the readm’ w 
referied to the aubhoi's foitheoming papeis on (L) Tke Jama SrAod of 
m the Bulletin of the Calcutta Matheni itieal SoiMcty, 
and (2) Scope and Developmnt of the IhnU (hmiUxxxWxo Indian 
Historical Quarterly. 

Bull Oal Math Soc ,Vol XXT, (1920), No 1 



2 


On the calculation of the zeros of lbgbndrb 

POLYNOMIALS 

By 

Nripendeanath Ghosh 
(Calcutta Vnlvcjstty ) 

1 The object of the present paper is to supply a method of obtain 
1 Ilf? approximate values for the zeros of Legendre polynomials of all 
orclorH. The principle involved in it hinges on the series (4) which 
expresses in a compact foim the loot i of the (w+ljth polynomial corres- 
ponclmg to a known root a of the nth polynomial The process of com- 
puting the roots consists in starting from the known zeros of a particu- 
lai' polynomial and building up zeros of successive polynomials by 
moans of the simplified series (13), the values of the quantities n and a 
being properly modified It is believed that this method is new and 
ot further research 

I n connection with the problem of mechanical quadrature Gauss* 
huH given a table containing the zeros of these polynomials up to w=7 

2. From, the well known recurrence formula 

Pn+i('’)— (2w-t-l)jP„(',i)-l-«P„_j(j.)=o 
it follows that the equation P,+i (^)=0 is equivalent to 


P»W- 


n 

2w + l 


X 


( 1 ) 


Lei a denoto a known root of Pn(ar)=0 and f the corresponding root 
ot IPw4 X C*^) heyond a t 

Now write (1) m the form 

<j«)(ir)=< 5 f>(a) + a/(i) ^ ^ ( 2 ) 

* Work©, III Bd Methodas nom mtegralmm valores por approximation em m- 

vefi.te»di 

4. Tho ^©ros of P (®) are miorlaoed with those of P , (x) 

* ft ti + 1 ' 
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where <^(a')=P.(a:), <j>(a)=0, 

a=— ?L_ 

2n+l ’ ;c ’ 

then in accordance with a formula established m a previous paper* 
V'd) IS given by means of the series 


£V“' 

r ' V^'(a) da/ ^(.'(a) 

In particular, $ is given by the series 

u+i im: 

r=l »•! W («) da / <l>'(a) 


i/f'(a) 


( 3 ) 


(4) 


3 I proceed now to express the co-efficient of a'' in (3; in a more 
explicit form Let us start from 


1 f I d y-* 

r' dx J <j>'{as) 

and afterwards put »=a 

Using the recurrence formula 

I e., (a*-l) <#,'(»•) =«r{^(a')-/{r)} 


we get /(a;)=(^(«)+L_^ 

V/JC 


... (5) 


whence {f (.«)}*’ = 


r 


m=o 


( 6 ) 


where we wnte for L_fl and <f, for i(«). 


* This BttKjtw, VoL XIX, pp. 21-24, 
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Substituting the value of {/(t)}’' in (5), we can express it in the 
form 


J. 
r * 

(4r 

2 F» 

m=o 


(7) 

where 

stands for 

9 \ njn J 

m 


Remembering that <^(a)=0, it is easy to 

see that the value 

of A ^ 

i 

“0- 

-* 

1 

^ when 03 =a 





IS 0 if m=0, 


... {t) 



(r-1) » F,(a) if m=l 


• •• (ll) 

\m-lj 

) (r-m) ' ( 


m>l but <r 

••• 


Hence an alternative form for the co-elficient of a** in (3) 


isS — 

«=al m 




( 8 ) 


4 Let us now consider 


where F„(a)=i 



As ij/ia) IS at our choice a typical term in F„(a) may be taken 
to be 
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where [i, v are arbitrary constants 

( ?(.) ii r'"' (j- 


then as 


'^(^ + l)j{/W}’""^+(w -!)«'* -a)" <p''{a)'j 

we have 

+ (m — 1) S, 

(i-*)' {»'W}-» ♦»«, »=. 


therefore S consists of two parts one of which is 
^'^m—i,n v—i the other is 


te , -n(n+l){m-2)T „ 

« — 2, /t — I, IT— 1 

Hence we have the formula 

K-i -w(>^ + l)(m-l)(m-2)T 


( 9 ; 
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connecting consecutive T-funetions 

5. It IS easily inferred that T is expiessible m the form 

TUy fl, V 


aAi-2(«-l)(^L_ay-(®-l) ^Po+Piffl"+P2a‘‘+ +P,a^' + 

where Pq, p^, pg aie rational integral functions of /x, v 

Representing ^ and ^ respectively in the analo- 

gous forms 

[,<, + g,a» + 5,<.4 + 

+ g „.-2 } 

and 'y-”’' {/„ + i j aS 

it can be shown by applying (9) that 
r,=p{P,{p-h v)-p,-i (/i-l, v)}-v{p,(/i-2, v-l)+p,_^(jj., v-1)} 
+ 2 w23,_i(/i, v-1) 

-g,_ 2 (/i-l, v-1)} (10) 


The formula (9) or (10) enables us to calculate the T-functions 

successively. 

6 Lot us now take tho sorios (4) The co-oUiciont of a’* m this 
senes for C is by (8) 


r 



m»l 




(11) 
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As the zeros of Legendre polynomials ho symmetrically m the 
interval (—1, 1) it is convenient to use the formula for which may 
be written 


o r 9 


a-H- ^ ^ 

r = 1 m* 1 n^m I 


( l>»n • (12) 


Now 




^2,1,2 

1-3,1 3 {6— 2(t!.2 + n- + ])a®-f 2)z()x-f l)a‘^}, 

^ 4 , 1 . 4 =-«~" (^“'‘) {60-12 (2w2 + 2n + 5) 

+ 4(5n2 + 5n-i- 2)o* + 4.n(n + l)a®} 

and so on 

The simplest formula for is ultimately 

,2^ 2(l-a2) , (l-a2){(2w-lk2-n 

2W+1 a2(2» + l)2 

^ 2(l-a^){(4w2-2n,)a* - (n^ + 4n+ l)a 2 4 . 3 ) 
BaH2n + l)^ 


+ 


(l-a=^) 

3a6(2n+l)* 


{(12n3 _4„,2 _ ( 6^3 4 . 20^3 4 . + 2)a^= 


+ (6n2 4-24w-f 15)a2-15} 


roots Tr L 0 r 'T 

r^tsofP,, W=0mU remain undetermined These root, can, however, be 
^a^ed by having recourse to known elementary relations existing among the 
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7. When n is large the series (12) or (13) admits of further 
simplification This can be effected by means of the following two 
properties of the T-functions 


(1) 


+ i 


'^ 1 , fl—l, v — l 



( 2 ) 


T 

n^i 



I being a positive integer 


The above results follow from (9) 

Now neglecting terms of the order the co-efficient of a’ in 
(12) may be expressed as 


2 

n 



(-1)^ 


T 

(2s -hf) 


(14) 


where = 


r — 1 
”2 


if r is odd and 


rj-2 

2 


if r 18 even 


Substituting forTj^^l^^^ (14) may bo written 

n ^0 ( 2. ) readily becomes 

- 2 (- 1 )' ( ' ) ian^‘0 

nr 4-0 \ 25 1 1 / 


sin 26> sm rO 

QI* — - 

nr cos^^> 

if wo put cos 6 for a. 

Hence when n is large (13) reduces to 

n r«i r 2’ 008*^0 


(15) 


( 16 ) 


where coa d is a root of P„(a:)=0, 
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It IS to be observed that the formula (13) and (16) hold good for 
unrestricted values of n 

My best thanks are due to Prof Q-anesh Prasad for the great in- 
terest he has taken in the preparation of this paper 


Bull Cal Math Soc , Vol. 21, No 1 (1929) 
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On the Summability (C, 1) of Legendre Series of a 

FUNCTION AT A POINT WHERE THE FUNCTION HAS A 
DISCONTINUITY OF THE SECOND KIND 


BY 

H. P Baneejba 


{Umverstty of GalouUa) 

The question of the summability (C, 1) of the Legendre series 
corresponding to a given function was fiist discussed by A. Haar. * 
The problem was subsequently taken up by S. Chapman** and T. H. 
Qronwall t The latter established the theorem • 

“ The arithmetic mean of the Hrst order of Laplace’s senes of an 
absolutely integrable function, on the whole sphere, converges as n 
tends to infinity, at each point of continuity to the functional value ” 
A shorter proof of the theoiem was given by P. Lukiics. t1 A 
more elegant pioof of the same theorem was given by L. Pejer **» 
Towards the end of his paper, Pe]dr gives the following sufficient 
condition • 

“The absolutely integrable function f (6, on the sphere has at 
the north pole the absolute mean value zeio, if 


1 

K* 



*A Hoar Obor die Logendresoho Eoiho ’’ (RcnAicontx del Ctre Mat, dt 
Palermo, tomo 32, 1911) 

** S Ohiipman On the general theory of summability with applications to 
Pounor’s and other senes” (Quartcily Journal of Pure and Applied Mathemattes 
■^ol 43, 1912) 

t r H Qronwall — “ Ubor die Laplaoesoho Reiho ” (Mathemaiieche Annalen, 
Vol 74, 1918). 

ttP ittbdos— '‘f^ber die Laplaoesoho Boihe" {Mathematmhe Zeitschrift, Bd. 44, 
1922) 

*** I Itejdr — “ iJbor die SummabihtSt der Laplaoosohe Eeihe duroh arith- 
mefcisohe Mifctel *’ (Mathemattsche Zeitschrift ^ Bd, 24, 1926) 
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where the integration runs on the spherical cup, which is limited by 
the circle of spheiical radius 0 = e (and contains the North pole and 

where = 4 j tt sin^ *1- denotes the surface content of this spherical 

cup).’’ 

It IS now found that the theorem is not as general as was 
supposed by Fe] 6 \ Indeed, it does not hold for every function having 
a discontinuity of the second kind Although the illustrative example 
that he has taken has a discontinuity of the second kind, the function 
considered becomes zero at both the limits after integration with 
respect to 0 . 

In the present paper, two examples are given, in which the 
functions have discontinuities of the second kind at the point consi- 
dered, but they do not vanish at the limits after integration with 
respect to <p. It has been shown that in these two cases, Fej^r’s 
sufficient conditions are not satisfied, although the corresponding 
Legendie series are summable (C, 1 ). For facilitating the proof, a 
number of lemmas have been established in Art. 1. In Art. 2, the 
general problem has been formulated , in Art, 3, the first example is 
treated in which the function is bounded and mtegrable. In Art. 4, 
a similar function has been taken, having an infinite discontinuity of 
the second kind at the origin, although the function is absolutely 
mtegrable. 

My best thanks are due to Professor G. Prasad for encourage- 
ment and interest 


1 Lemma 1 —If 


then 


^{ 0 ) = 



dt, 


^( 0 ) 

(1 - cos 


2 

, 

n 


for all values of 6, including 6 = 0, if n + 1 > m, 
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Integrating by parts, we have 

$(6) = _ i (i-cos0)”-”‘+i 


sm 


(1 - cos ey 


n m + 


n 


S I -cos e 


tn-m S13CL ^dt 

c 


t.e 


d>(«) 

— ^ /I nnrt /3 C 1 -L 1 HTH ^ I? 

^-( 1 -cos^) + 1 sin - cor 0 )«|j 

1 - COS ^ 


so that 


m) 


1 — cos ^ 
when ^ = 0, if n > m 

Moreover, 


.2 (L - cos ey 

^ n 


IS a continuous function of being equal to zero, 




(1--COS 


2 

n ’ 


for all values of 6, including ^=0 
Coul lfm = 0, n=l, 

— cos ^ 

cos“ dt 

0 


and 


S I - cos 

cos-^ 

0 

I ^2 (1-cos e) 
1— cos 6 I 


Further, 


<I>(g) 

(1— cos 6)^ 


^2, 


for all values of 6, including 0=iO. 
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Cor 3 If n— m=l, 


me) 




(1-cos e)'^ 1 ^ n 
for all values of 6, including ^=0 

If si ^ (cos $) denote the first arithmetic mean of the series 

oo 

(2m + 1) (cos and 


m—O 


(cos 6)= 


n-f 1 


then 


(cos S) 


e 


2 ^ 
sin-^ n — 


sm2(?i + l)_ 

=p„ (cos 6) +Pj^ (cos 6) 1| + 




sin^ 


+ Pr (cos B) 


sin^ (w — r + 1) 


^ sin2 ^ 

— ^ + + P„ (cos fii) 

8«l2~ gm2» 

2 


2 


This is Fejdr's result.* 


Lemma 2 — 1/ 


"F (B) 


1 — cos^ I ^ ®os ^)j for all values of Bt 
including B=0, A being a finite constant, 

i" <“-*)! <A«», 


if 6 is sufficiently small. 
We have, 


I' ie). (cosO) 


* Loe^ Git p 273. 
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^ 1—008 6 (”■ + 1 )'^ +!*] (cos 6 ) sm® ■ 

+P„ (cos 0) sm® ~ 

Ji 

^ ^ 1-cos 6 I 1 ^ I + I (cos ff) I + 

+ I P« (cos 0) I I 


< 2 (n + 1) 


1 - cos d 


since I P„ (cos 0) | 1, for all values of n and ^ 

Therefore, 


hm P (0) S,l^^ (cos &) < hm IJ^+H JgJgL. 

n«!oo^ + -l n=oo n + 3 1— cos^ 


< 2 A (1 — cos 6>) < 4 A sm^~ < A 
if d be sufficiently small, and this limit is zero when fi=0 


Lemma 3 — 1/ 


(1— cos 0) 


-2 for all values of 6, including 


0=0, A being a finite constant, 


hm F (9) cot ^ (cos 0) < 2 A 0, 

fj.sas OO ^ "I" J- « 


tf 6 18 BufjiGienily smalh 
We have 


P (0) cot 4 (cos 0) 

sa 




+Pi (cos ^>) sm® n . + P„ (cos sin^^ 

^ 2 
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< 2 


F(«) 


(1-008 


1 Sin I ^ I Po (cos i9) I + I Pi (coH 0 ) \ + 

+ 1 P„ (coa 0 I I 


< 2 A I Sin <9 I (n + 1) 

< 2 (n + 1) A if 5 be sufficiently small 
Hence 

1 


lim 

n=oo + 1 


F (e) cot| (cos e) 
/i 


^ 2 A (9 


Lemma 4. — If , — 

' (1- cos 0)2 


A, for all values of 0, inoludmg 
0=0, A hevng, a finite constant, 

hm I sin 0 sin2 ^ sin2 (^^-l),f + 

n=oo n + 1 I 1-cos 0 (^dx 2 dx ^ 2 



< C'0, if 0 IS sufficiently small, O' being another constant 


We know that 


4P|i , dPn + i _w + l /p _ . 

~dx dx 1-x^ " 


Therefore, 




K.dx dx ■" dx ^ dx ) 

~i— -P2) + 3 (P2-P3)+ .. +»(P„_.i — P„)| 
“i^[^o + Fi + F2+ .. + P„-i-ttP„j . 
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Further, 


dx 


_ nl ? ,1 _ _ n ( 1 -|- ^ 

1 — X 1 — *(. l-hx ”5 

= -J^2 [P«-P.-i+2a-P.|. 


Therefore 




2n 


Hence, 


A -1- -I- + 

ax dx dx 


2(1 


1 1*0 1 + 1 1*1 1 +•• + I r*«-i 1 I + i 


t2P„ _ nP„ 


dx 1 — X 




^ 2(l~x) 2(1-"X) 

Since, by Hardy's form of Abel's Lemma, 

^ sm 2 n-|- + (£ 2 . ^,^2 _ 1) 1 + . + ^ sin2 4 


dx 

hence, 


dx 


dx 


L + I ^ Q being a constant 

j ax ax I 


p(^) 

1 - 0080 


'{ 


dPr 

dx 


smS-J +^^sin2(ji— 1) ~ + , 


e 

2 


dP„ 2 6 

■ 3? ““ 2 


}1 
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m 

1-008 


F(g) 

1— cos 6 


.*1 |{ 


(^Pi dP. 
dx dx 


+i? 


f}| 


sm 0 I 


2 (l — cos^) 


<|G And, if $ IS sufficiently small. 
Therefore 






< B O', if 6 19 sufficiently small 
Lemma 5 — 

(m + l) sin (m + 1)^ + m sm Pj -h -f sin ^ P 


^(m + l)(m + 2) 


■M) (m + 2) f ^ _ -V 

Wsm e "- Pm + 2 ( C 08 $) I 


We know that 


1 

(l-2ra:+r2)i ~ ^o(a:) + )'Pi(a!)+r2p2(a;)4-. 


2 ’•’”P«(®) 

W= 0 


(l-2r®+r2)i dx^ 


(1 -2«c+ r2)^ ^ 


■ ( 3 ) 
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Further, we have, 


e 


m% 


(m + 1)) + 1)^ 


(4) 


Multiplying (J) and (4) and arranging the terms as Cauohy- 
produot, we have, 




(l-2ra3 + r2)'^ (1 — re^^) ^.=0 

where 

U,„=(m + l)6‘^’" + «‘’Po(a!) + me‘^^P,{x)+ . +c‘® P,„(x) 
But the left-hand side of (5) 

ld/-i •— i0 \ 2 ifil *2l mm, iQ 

a (1 - ) 6 -2r-f-7 6 

T; — 7 . — ;; 77 ^^ (where £c = cos 0) 

(1— 2?x-hr2)^ (1— 2rx-l-r^)-^ 




^ m«0 

Hence equation (5) becomes 




e‘*— 2r + r®6”‘® oo 


.d^P 


,,,i a -t wi-t 2 


m«0 




r’’'U„ 


m-wQ 


(5) 


(6) 


e 


Equating the ooefi&cients, of r”* on both sides, we get, 
+ 6—9 —?”» =3Un 


.. (7) 


Now, equating the imaginary parts on both sides, we have 

sin^ / d®P„+2 _ 'd^P„ \ 

3 \~dp 5P“ / 


={m + l) Bin {m + l)d Pq + to sin mO Pi + .,.4-sin ^Pm 


( 8 ) 
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But, from the differential equations satisfied by P,„ and Pm+j, 
we get, 






m+2 


dx^ 


dx^ 


} 


I - (m + 2) (m + 3)P„+ g + w (m + 1)P„, 

=2s (2 to + 8)P„+ 1 - (m + 2) (m + S)P«,+ g + m(TO + l)P„ 

(by Christoff el’s formula) 

=2(w + 2)P„+2 + 2 (w + 1)P,„- (w + 2) (m + 3)P,„+ g + m{m + 1)P„ 
=(m + l)(w+2)(P,„-P„^.2) 

Hence 

^ ^ ^ + 1 ) (m + 2 ) ,^ 


3 \ dr2 


dx'^ 


3 sm 0 


"(^m Pm f a) 


Theref ore, equation (8) becomes, 

(m + l)(m + 2) ,p 
3 sm d 


— (m+1) am {in + l)0 P^ + m sm mO Pj + +ain 6 P„ 
Lemma 6—1/ jg a summable function m the interval 

(cos e, 1), G being arbiiranly small, but fixed, then 

{ ('^ + 1) sm (n + 1)« Po + n sm n6 P^ 

0 

+. . + smflP„| d6 <t 
We have, by Lemma 5* 

(w+l)sin(a+l)i9Po+wsmw5Pi+ .+sm ^ P„ 

_ (ra + I)(n+2 ) ^ 

g am ^ {I^b(cos ^)-P „+2 (cos tf)}, 
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hence, if F(6) Fi(coa tf), 


lim 

W=oo ^ + 1 


fr 


m 


-COR 0 


{(n-hl) sm (n + 1)^ Po+n sm nd 


+ ,+sm 0 P^J dO 


= P .(cos^)-P,,^ (cos .. 

^ 3 j 1— cos ^ sm 0 

0 


cos € 

Now, 

(1^ j^^p„H=o(v,7 

««S e 


•ad („ + 2) ^ P.., (a=)=0(,/»), 

oca € 

therefore, 



(9) 


hm n + 2 
n=oo ' a 


S' 


TjW 


COS e 


j£C 
1 -ha? 


{P n (‘^0 P« f 2 


(^)} 


. lim 2 

‘n~ oo «7 



(Ja? 

1 -ha? 


Pn (a?) 


But 


la 


hm 

n-oo 


^ I f FiCa*) 

3 13 U^a?)^ 

cos ^ 


da? 

H-a? 
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<2 r I 

3 3 I {1-xy 

cose 

O 


1 

1 + x 


dx 


where is a finite quantity since the function is summable in the 
interval. Hence, 


T - 4M, „ 

I ^ sin 


2 ^ 
2 


^ “1^ <e if e IS chosen 


sufficiently small 


Therefore the left-hand side m equation (9) is less than e 

2. The expansion of any arbitrary function f (x) in a Legendra 
senes is given by 

f{x) =ao Po (ic) + ai P 1 (a;) + 02^2 (^3?) + . + {x) + , 

where 


<tn- 


2n + l 


"1 


m Pn{t)dt. 


provided the expansion is valid 
Then 


and 


^li?0 ^ /W ^nit) 'Bn{x)dt 

-1 


The arithmetic mean 

n 

wi*0 


of the first (n + 1) terms of the series 
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that IS, 


«1=*0 I 


IS, where has the same moaning as m § 1, 


f(t) di 


r 

»» + ! J 


/(0{P.(0 


sm^(n + l)~ 


+ Pi(^) 


2 ^ 
sm^ — 


+ . +^n (0 z V Bin^d/, wheic i = cos 0. 

CIV, 2^ ) 


It will be readily seen that tho consideration of the limit of this 
integral reduces to the couHideration of the limit of 


^ r 

.+1 ] 


/(cos 0) sin 0 clB {P()(cob 0) 


sin^(n + 1) 


Pi(cos S) 


+ ..."hP„(eos 0) 


2^ 
sin"* ^ 


where e is arbitrarily small, but fixed. 
Integrating by parts, and denoting 


/(cos $) sm 0 do 
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by F (9), we have the given integral 

F{9) (cos 9) ] 
0 



+;^1 ^ m cot fj s/*\cos 9) d6 
0 



f 


m 

l-cos 6 


sm 6 do 




3 


I dl^ Q o 

+-^ sin^ 
dx 


{n—l)6 

2 



“^1 j U’^ + l)sm(n + l)^Po(cos6) 


+ n sin n9'Pi (ooaff) + H-P„ sin 9}d9. 
For our first example, wo put 


/ (cos e) = cos- 


1— cos 9 


( 10 ) 


so that F^) $(0) in corollary 1 of Lemma I, Corresponding 
to this function equation (10) gives us four terms on the right 
hand side. Of these, the first term is, on account of Lemma 2, 
less in absolute value than 2e2 ; the second term is less m absolute 
value than 4e, by Lemma 3 ; the third term is less in absolute 
value than C'e, by Lemma 4 ; and the last is loss in absolute value 
thanMcS, where Mis a finite constant by Lomma C. Thus the 
limiting value of the arithmetic mean of the first (w + 1) terms of 

the series ^a„, corresponding to the function cos i— _ can be 

1-cos 9 

made as small as we like by choosing e, sufficiently small and then 
mabngninfimte. Hence at the origin, the Legendre series corres 
pondmg to cos ig summable (0, 1), the sum being zero. 
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Nevertheless, FejSr's condition that 


lim 
6 = 0 




1 

COR 0 


do 


(where = 47 r sin^ , and do=sm 0 d$ d^) 


lim 

“c*0 


S 27r ne 

df \ I cos - — - I 

^ 1 ' 1-coB e 

J 


sin 9 (19 


.lim 1 
-*-0 


cos e 


0 0 


S' 


I COS 


1— cos 0 


Rin 0 d$ 


lim 1 


«*0 I -.0OS e 


s 


1 — cos fc 


I cos ^ I dt. 


should be equal to zero, is not satisfied, sinco it is known* that 


S' 


lim i V I cos 4 \ dt= — 
;s=o « 1 ^ ^ 


4, For the second example^ we take 


/ (cos 0) = ^ —Y ^ r f 

(1 — cos^)^ (1— cos 0) a 

so that / (cos 0) has an inflmio discontinuity of the second kind at 
although it IS absolutely iniegrablo In this case, F^{0) = ^{6) 
in Corollary 2 of Lemma 1, m being equal to |and n equal to !• As 


* 0- Prasad— jRecent researches in the Theory of Fourier Senes (Calcutta, 1928) 
pp* 64-67» 
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m the first example, we can prove that the four terms on the right 
hand side of equation (10), can each bo made as small as wo like by 
choosing e, sufficiently small and making mfinito. Thus, m this 
case too, the limiting value of the arithm etic mean of the Legendre 
series corresponding to 




(1— COS^)ii (1 — COS 

at the origin can be made as small as we like, by suiiably choosing 
€, and consequently the Legendre senes corresponding to this func- 
tion is summable (C, 1) at the origin, this sum being also zero 

Fe]6T*8 condition in this case, that 




1 

cos 

(1— cos $y^ 



do 


hm 1 
e=0 1~C0S € 



dtf 


should be equal to zero, is also riot satisfied, since it is known* 
that 


is infinite 


hm 1 r 
0 




dt, 


G Prasad'^ On the failure of Lebesgue’s criterion for the sumnaahiHty 
(0, 1) of ae Fourier Senes of a funotiou at a point where the function has a disoon- 
tinuity of the second kind” (Bulletm tij the Calcutta Mathematical Society, Vol XIX, 
1928, p 8) 

Bull Cal. Math. Soc , Vol XXI, No 1 (1929) 
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On a type of modular relation 

BY 

S. C. Mitra 

The object of the present paper is to establish several identities 
relating to theta functions It is believed that the lesults obtained by 
me are new 

1 Let 


T°o (1+9“) (1 + g^) (! + <?' “) (! + ?*“) ... ■ 

?iiV (1 + 3*) (l + 9“) (1 + 3'*) (l + 7''0 ■■■ 

The result of replacing q by in (1) will be written while a 

dash ’attached to ja will denote a 'like function of the coinplonientary 
modulus q' 

9 From the formula » 


•/wilj (r, q)=z 5 e 


, W ^ TT ' 


where e we have 





30 ^ 




V) 


I n+ ^ ’ 

10^ 


r/4. 


Let us write 


for la 



q 


^ where 


( 2 ) 


w=0, 1, 2, 3, 4 and 5 

* Tannery et Molk, Ponotions Blliptiques, p 264» 
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We liave the formula 

=13 0)T3(i + yjl3(2/+2;)l3(2f+ r) + l4,(OjI^(a3H-2/) I4 (2/ 

( 2+0 

Leb us put ic=2/=^. «=-^* 

We have 


Agaiti when we put 


Stt Stt 

a*— 2 /-jq> a — y 


■we get 

IJi om a kaown formula for I4. (2 r , g ® ), we have 


\rJ) 




( 3 ) 


( 4 ) 


( 5 ) 


But =/x' and t 2 ) gives ^ , 


and 


Therefore from ( 4 ) and ( 5 ) we get 

^ 2 * , 2 

^3 /^v(l — ) 

“a //*'! (1— ) 

Again let ns put •e=^ . J/=jgand a=|jxn(3) 
2 “iMa«s“4='MoM8 («x«i+«a«*) 


(C) 

( 7 ) 


we get 


( 8 ) 
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Let V stand for the expression 

‘Ir 2 ! ^ 0- ~ _ 2 ’ “ ^ (!-<? “ \ 

” 1 


Let 


(-o'- "I 

10 2 ; 




-55j 

M? 


(" ly 


Mo’'* ^ 2c-iy*o 

From a well-knowi) foimula for q^) we have 




10 

In the identity 

Is(0)Ii(0)Ii(»'+o)-Ia (k— «■> 
=I,(c)T,(c)T.(v;I,(r)+Ix(04(0I»W*^>'). 

let ns put ^“]^’''~10 ff®*" 

v' + Ma“8 

Therefore fiom (8) and (11) wo have 
v'+vV, . 

MjMji+WjM* a S 


or 


2^V\ 


Now jit'=-3 . 

V 


(9) 


(10) 


( 11 ) 


... ( 12 ) 


. . ( 13 ) 
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After simplification "we get 

2v',v'^=(v'+v\'‘)(v',»+v'v',) 

2 ¥ "X 

Suppressing dashes and changing and v into v and r, respectively, 
we get the identity 

2v*r=(v,+v*)W+v,v) ... (A) 

Eamanujan * has proved that the relation between v and r, is 

v«+<+vV.»-r,=0 ... (14) 

Eliminating v, between (14) and (A) we get the biquadratic relation 


+ 10>'*’V*— (B) 

result which, I believe, has not been given by any previous writer. 

2 Let 



We have.the formulae 


2l3(2a:, 9*) =13(0:, 9)+ 1, (a;, g) 

9)-I*(a:, g) , (15 

In the to. lh.« let ™ pe, . 3, 

Sion. We have 


5(S..-)3(r;) + i.(^’) 


(16) 


i’i'oc. Z.M.a^ , Vcl. XIX, Senes 2 



ON A TYPE OP MODULAE RELATION 

whence we get 

Fiom the second formula, wo get 


R9 


m 



^ 47r 

.I0> 3‘ 

) fSj — 


'In 
,10’ ® 



v\v\ ss 

v\(v'-v\y) 

9 


4 8 

vVtv-v'a) 


Substituting for y from (17), we get 

v'j,(2r'.v',-v',» -vV~) 


-1 4- /O.,' WJ 


(‘2v' —vV ■^v' i—v\’‘v\ ) 

2 8 2 K 

Suppressing dashes and changing v,, v, and v into v, v.^, v,, and 
respectively, we get the relation » * a 

^ = ... ( 0 ) 

From (A) and (0), we get 

(i'4,->'.v*)=p(1-v„v2)(i'8+i/,“) . (D) 

3 We have the formuhu 

Fafctmg and ^ m succossion, wo liave fioni the farmer of 


fchese two identities 

/ 4iTr 




( 19 ) 
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Tvhence we get 

^ vV(.',V^-v^) • 

From the second identity we get 

+A ) 

^ -v'^ ( vV% • 

Therefore we have 

2v',»v'^v'^ (A - *-'=) = (v'^ v'^*+.',^)(v'-/, v',») 

Suppressing dashes and changing Vj^ v , into v and respectively, 
we get the identity 

2v8^Vav(v,~v,3) = (i/,Va®+Vg^)(v^--V4V*^ .. (B) 

My best thanks are due to Dr Q^anesh Prasad who kindly suggest- 
ed the investigation to me and took great interest in the preparation of 
the paper. 

Bull Cal Math. Soo , Vol XXI, No 2, rl929) 
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Table of complex multiplication moduli 


BY 


C. MU'RA. 


A =235 

^= ’'1^ 4/<k' 


i8_(7+4^5)f2 + (io3+46v'5) /-1=0 
A=355 


a 



a® +Aa+B=0, 


A= - (994375167604.19 119 10 1000 

+ 44469809398014498092160 v'5) 
B =(53498193625276219441152000 

+23925119523912707004480000 a/5) 

A =203 



16«“ -16s’ ' +32«' 56s» — 8s» +40s« +28s“ -32** 
-I6s» + 26s*-10*+l=0 


A=179 
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32s' ' -32s' 9 + 16s ' = +96s' ' + 176s' ° + 160s® +64s« — 8s' — 1 6.9 “ 
+32s9+76s*+62s9+2Os®-1=0 
A =118 

y3 -25407® +9392y-9280=0 
A =139 

8s® + 8s« + 16s' +28s® + 16s' + 4s* + 10s’ + 10s® + 2s- 1 =0 
A =155 

16s' ® + 80s" + 160s'® + 176s® + 136s’ +Z2s' -8i« -525' -40.* 
-20s®-10s®-2s4-l=0 
BuU Cal Math Soo , Vol XXI, No 2 (1929). 
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On sound waves due to presceibed vibrations 

OP A CYLINDRICAL SURFACE IN THE PRESENCE 
OF A RIGID AND FIXED CYLINDRICAL OBSTACLE 

Part IL 

BY 

HmsTiTKEsn Sircar 
{Umvefsity of Dacca ) 

In a previous communication,'^ under the samo title, we have dis 
cussed sound-waves duo to prescribed vibrations on the surface of a 
right oirculoi' cylinder in the presence of another right circular cylinder 
which IS rigid and fixed. In the present paper I have attempted to 
consider sound-waves due to prescribed vibration on tho surface of a 
right circular cylinder in tho presence of a i igid and fixed elliptic 
cylinder of small eccentricity The success depends upon the trans- 
formation-theorems employed in the paper already cited, and upon 
the theory, as developed by H. Poincare, t Helge Von Koch and others, 
of solving linear equations, when the unknown quantities as well as the 
equations to determine them are infinite in number. 


L 

Let denote the radius of the right circular cylinder and a and 6, 
the semi-axes of the fixed elliptic cylinder, Let D denote the distance 
between their axes which wo suppose to be parallel If wo suppose that 
the two cylinders are infinitely long and the prescribed vibration is 
transverse to the axis of the vibrating cylinder, the problem would be a 
two-dimensional one 


N M. Basu and It. Sircar, Bull CaL Math, Soc,^ VoL XVIII, No. 2. 
f Bemarques sur I’emploi do la m^fchode preodn dent6, de la SoaitS 
Mathemattque de France ^ T 18, p. 19, Sar les determinants d*ordre infini— 

Un de la SociStS Mathemattque de Ffrtmse, T, 14, p. 77. Acta Mathematical VoU. 
16 and 16. 

z 
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9i 

! 


The equation of the ellipse ^4-^ = 1 , can be written as 
rsraj^l — €+€ cos 2^ J , where c=^, and 

higher powers of e beyond e* have been ignored 

Let (^, t;"! denote the elliptic co-ordinates of a point of which the 
Cartesian and polar co-ordinates are respectively (r\y') and 0'), re- 
ferred to the centre of the ellipse as origin Then, we have, 

a.'=y cos coshf cos 7; = ?Co^/^x> 

and 2/'=^' sinh i sin n=:h^ VI— ^ 

where |:=cosh i, 

/Xi=COS 7 }, 

and ?Co =«'«'= 

a' and e' denoting respectively the senn-major-axis and eccentricity 
of the confocal ellipse passing through the point under consideration 
Therefore, 


/ ! 





and tan 0' 
whence 


and 




(/*'z=OOS &), 





(1) 


II 


The prescribed normal vibration at any point on the surface of the 
vib^ting cylinder can be developed into a Fourier series and we accord- 
ingly assume, for the normal vibration, an expression of the form. 


tlesOO 

(XJ'» oosnO+V, sin ne)e‘’‘o* 



ON SOUND-WWKS DNK TO IMl K.S( 1) IIU' II VIHIiAI'IONs 


!K‘i 

Let denote the velocity potent ul ol (hesmuid wnu-i 'riieii </> 
must satisfy tlio followiiit; equal loiih — 

(l) <l)Z=c'V 

at all points in the sunounduip; iiietlmni, ulieii' 

_ a* 1 a . » 9 ’ 

’ di 911-' 

01 

a“ . 1 a . 1 a^ 

a/-' a»' do'‘ 

(ii) ^* 1 ^ — — ^ ( U , eos II + V „ hill e on I II, 

9 ' n -0 

and 

(ill) £=(), on t 

dn 

Wliero d^ulonotoH an t Ituuotif r>f normal at mii I hr liouiMlai r 

of the elliptic Hocstion hy a lranhV<o*H<' planr 

Let us, first of all, suppoHo thai iho \ ihi af 4 'i|(hl rii riiiir Inotfr 
IS outside the fixed ellipiic c}liadri% (h«! IliritiajMr 4x1*1 

at a distance I). Let(r,<?) and (/, ^/) dmmtr f liti pidar rnradiniilM of 
the same point, referred toihoeenireH of t ho vilirat iital fix*d 
cylinders respectively, 0 and lunng mennured in t*ppM-iifn 1441 iim fomi 
the major-axiB 


Let 


III 


»/> heiug a fumdion of > ami ii only. 


The equation 


4,=r^vl ‘A 


IS then reduced to 


(v!+frn'A«<> 
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Wbateyer be the nature of as a function of r and it can be 
developed in a Fourier series of the form 

n= oo 

S (An cos ^^6+Bn Bin n9)ll/n, 


w=0 


where is a function of r only and satisfies the differential equation 

8 r» ^ r dr r* / ^ ^ 

The two boundary conditions on the two cylinders ate i educed to 

= — S(TJn cos n^+V„ sin n6)y on and 


Qt 


= 0 , 


on the elliptic section, 


since 



where 



IV. 


Noticing that would represent a divergent system of waves, the 
appropriate solution of (a) would be 

Thus, the initial unobstructed wave-system diffusing itself outwards 
into infinite space would be represented by 

n=! oo 

n-o sm »®)H»(/cr) 


* n? taa been regarded by Nielaea as standard solution of Bessel’s equation 
and IS described by him as function of the third kind This function occurs in 

asymptotic expansions of J»(<c) 

fn^ctio™ of le Jerjd. ’ 



OK SOtJKD-WAVfilS BUE 10 PEESCRIBBD VIBRATlOKS 
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whore 


U,. 


/cH'n' ha^ ) ’ 


B =-— ^ ^ 

” AH'n(K)’ 

and Hm has been written for H/ for the sake of convenience 

But the value of i//(=:i/rO) does not satisfy the oihei boundary condi- 
tion , and we accordingly assume, 

where represents the velocity- potential of the waves scattered from 
the fixed cylinder 

i/ri must satisfy the two-dimensional wave- equation, 

(v“ +h^)^^=0, 

0 

and the condition ('/''’+i/'‘)=0, on the fixed elliptic cylinder (y8) 

Eemembeniig that must bo of the natni o of a divergent -wavo- 
syetem, we assamo, 

+ oo 

\j/'^= S (A'„ cos viO'+ B',„ Riu vi6')'n.„{h') 
m«« — oo 

Now 

' n- oo 

\l/^=2 S (An COS uO-^Bn HHi nO)lln(ki) 
w«0 


oo 

ftlBSX 


•«oo p- W--SOO 

S J„(A/) cosmd' S A»H„+„(ftD) 

K — OO L nteO 


n® oo 

+ sinm^' S Bh H 

W-xO 


/i4 w*( AtX)) J , 


since in the neighbourhood of the fixed cylinder 


/<Ih 
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have 


Hence from the boundary condition (13) on the fii.ed cylinder 


we 


o=^(r+r)= 


1- _ a 


= Q (i//o+./,i)Ao cos 6' d / .,0 , .1^ 

0/ '• ^ r' ^(1— f>) 5d' ^ 


fiom (1) ot section I 


h m=QO 
_ ^0 ^ ^ 

er 


=-o= s™ me')B.'^(]tr') 


+J'»(*r') {cos m6' T A.H«+»(fcD) + 8in mO' ”5”b„H„+„//iD) j 1 
^ « = 0 «=:0 J J 

/!/ A, m=CD p 

— sin 6 cos d— — — 5 iA H„,(L')( — A'„sm md' + B'» cos OT^') 

G ~“X m=s— 00 1 

+ Jm(i»-')|-sin wfl' J” A»H»+„(AD) + cos md' 2 “b„H»+„'&D) j J 

on /=a(l— c + c cos 2^'), 

where we have made use of f=-l, on the ellipse, 

6 

or 

™Joo [(^” + 81”^ ){ I 

+ {j»-i(i»-')-J™+,(ir') j {^cosme' "i“A.H„+„(/cD) 


+si«^e' j“ B„H„+„(ro) IJ 

+ 8a€ sm $' cosff ^ j" m (- A'„ sin m6'+B’„ cos me')B.JJca) 

+ 34Ica) { -sin m6' Ta. H»+«(JD) + cos md' B. (®>}] 
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on r'=a(l — € + € cos 2^'), 

where we have ignored powers of e beyond and have made use oi 


on the ellipse, 


Ao=ar, 

and the recurrenoe-formuloe * of the type, 


or 


W=oo p r 

0=/m 5 (A'm DOS sin m&) < 

w=— ooL C. 

-Zac n"„.(Zn)(l-C0R 20')'^ 

+ fca€j"(A’a)(l— COS 20) }{ cosm/ A.IT,+,„(Z1)) 

W.=s oo _ 

+ sinm^' 2 (ZD) U 

11=0 J J 

l-c 2 I H„CZa) j —A'm { cos (m—2)6' —cos (w + 2)0' ^ 

+ B'„ sin {m + 2)6' — sm (m—2,0'^ | 

+ Jm(te) -"i“ A 

n (ZD)^ cos (w-2)0'-cos (m+2)tf' ^ 

+ B.H„+„(ZD) ^ sm (m4-2)0' —sin (w—2)6’ ^ | j 

[a'w ^ H'„(Za)-Zac U"«(Za) | 

n=! oo P 

n?o ^»‘+w T T 


W~oo 

=:2A'a S cos m0' 

— oo 


See Watflon’s Theory of Bessel Functions, pp 17 and 74. 
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m = oo 

+ 2ka S sm 

—n 


'[b'„ I H'. 


{la) — ha€ 


} 


[■ 


•j* 2s (W) ^ J'„.(^a)-7‘«« J"».(A«) 

n = 0 


}] 


COS 


s(m-2)^' 2 A3„+UkD) 


n«0 


oo 

— 2m£ A'„II„(lia)— 2m« .T„,(J-o) 5 A„H„ + ,„(/iD) 

n=() J 

m— oo P ??-*oo 

+ 2 co^(m+2)^l A®a®€ A'„,H"m(/ra)-+ /m ^ A„Hft^„(/iD) 

tn= — oo L ri~0 

n = oo -n 

+2m« A'„H„(ia)+2m« J„(Aa) 2 A„H,^„(JD) 

n=:0 -J 

P n= oo 

^«+2)0' l“a>£B'„H"„(^a) + 7ra 2 

L n=«0 

+2meB'„H„(7a)+2weJ„(Ja)”2°° B, H,+,.(7D)1 

n = 0 -I 

m=oo n=soo 

+ smm-2)«'| Pa»eB'„H"„(7ca) + (fta) 2_ B. H.+„(feD) 


m^oo 

+ S sm 


-2m£ B'« H™(7ra)-2in£ J„(7:a)”^^B. H.+„.(71D)J ... . (y) 


V 

Multiplying the equation (y) by cos mO' and integrating between 0 
and 2^, ^e have, 

0=27:a[^A'w |h'„ ka) -ka€W(ka) | 



n= oo 

4- ^ A « pr„4 I 
n«0 


ON SOUND-WAVES DUB TO PllE^CRIBED VIBRATIONS lOJ. 

,(/.!)) |/,a-2(M+2)€ j 

+ £A'„_, I /.‘«»H",„_,(U0+2(w-2; n„._,(7,rt) | 

„?o |7«+‘2 (w-2)c J,„_,(Ao) I (8) 

Again multiplying by am m& and iniograting between 0 and 27r, we 
have, 

0=27,«B'„| Il'.(7,o)-7«cn",„(7,«) | 

+ 27.a 2 ^JJ, 11„, „,(/.[)) I J',„(7,«)-7,«c J"„(7(0 j 
+ IT"„H,(7«)-20// + 2)n«.,,(7.(0 I 

~2()u + 2) ,r„ j „(Af;) ^ 

+ e I II",„.,(A«) + 2(«-2) Il„_,(7,«) j 

n-oo , 

n^O ^ . (e) 

We thus have two infinite sots of linear equations to determine the 
A^ 8 and B^’s Such a syniem of linear equations was for the first time 
studied by Hill^ who with the object of integrating a certain differ- 
ential equation of the second or der was led to consider a determinant 


* Acta Mathemattca, Vol. 8, pp 1-30 Kopiitited, with some additions, from 
paper published at Carnhndgo, IJ H A flB77) 
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of infinite order , H Poincare' * rigorously demonstrated the piopei ties 

of these determinants, originally pointed out by HiH H Poincaie',t 

Helge Von Koch J and others have developed the theory of a system of 
linear equations, when the unknown quantit-es and the equations to 
determine them are infinite in number The constants A’s and B’s .nay 
be theiefore determinate and the scattered wave-system becoiuos known 


VI 

But 

xl,z=xl;^+xl,\ 

would no longer satisfy the boundary condition on the vibrating cylinder 
and recessarily we introduce a function i/<® which reprosonts the velo- 
city-potential of the system of waves (divergent in nature) soaitorod by 
the vibrating cylinder Then i/f’ besides being a solution of the two- 
dimensional wave-equation 


(v! - 1 - =0, 


satisfies Ihe condition 


9 (^i+,/r^) = 0, on'i=a, 
or 

•• (») 

Let us assume 




1 ^ 2 = ^ [Ap cos^^+Bp iin pfij H,, (/cr) 

.. (7c ) 


p=:Cjp 

Now 

m = oo 

5 (AJ cos sm m6') (/c/) 

tW=a — OO 

OO p YtlsatOO 

= S Jp W COS 2 Am' ( ?cD) 

p=s — oo L ^ss*— oo 

oo 

+ smp$ 2 (W)) I , 

fH-rm ^OO «J 

Since r<D, in the neighbourhood of the nbrating cylinder. 

Therefore from the above boundary condition ( u^) aociun:i (VI), we 
have, 

p=: oo 

0= 2 [Ap® COS sin f$\ H,,' {lax) 


^ Loo at. 
t Loo at 
t Loo at* 
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pss OO p ttl — ®® 

t" 21 PO ^ H^j+w 

p=:— OO L tn= — OO 

m—oo -1 

+ sin2)0 S B,„' H,+„ (TtT)) 

tn= —OO -J 


Whence 


and 


H/(Aa,) 


m—oo 

2 A„' (fcD) 


B/: 


3pXl(a^ ) 


m — oo 

2 B„/ 

7tt= — OO 


(7.D) 


Thus, all the co-effioients in can be found out and is deter- 
mined 

Proceeding in this way, we find, 

whore the i/^’s with even numbers denote velocity-potentials of the 
waves reflected from the vibrating cylinder and the t/'^s with odd num- 
bers represent the velocity-potentials of the waves lefleoted from the 
elliptic cylinder 

The velocity-potential of the motion is thus given by 


VII 

liet us next suppose that the vibrating cylinder is placed inside the 
elliptic cylinder in the same manner as in the foregoing case, and if we 
use the same notations and symbols, the motion inside the space con- 
templated can be similarly detoi mined by obtaining the successive wave- 
systems reflected alternately from the internal and external boun- 
daries 

Assuming, as befoie, that the presoiubed vibration of the cylinder is 
expressible by a senes of the typo 

(Un cos 110 -fVn 
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The Velocity potential of tile initial nnobstnici«=‘(l wave-Hyatem is 
given, as before, by 

^ 0 = S (A« cos uB-JrBn 811^ {h)A^^ 

« — 0 


where 


Ay/i = 




m, (uj 


i 

1 

( 


i 


^ '^1 

' i 

i 


and B - = « 


V„ 


ITSL,,' (ha^) 


This waTe-system on incidence on the outer eylindoi would disturb 
its boundary-condition and be scattered It doiioto tho velocity- 
potential of this scattered system, we must have, 


as 


(*^'o+'^i)=0 


on tho olliptio boundary 


(u/) 


If the medium within the elliptic cylinder woio nu-iulorruptcd, tho 
velocity.potential of the motion would bo finite at the origin and wo 
accoidingly assume 


cos p(9'+B% sin p6’) J, (A/; e'*'’', 

where the s and B*’s are unknown constants to bo dotornnnod from 
the above boundary condition (ui), Section VII 

In the neighbourhood of the fixed cylinder, 

r' > D, 

we, therefore, have 


sm nd) H. (Ar) e'*-' 


^ >«=a> ftzrQo 

; ~»Soo ^"+« [A« cos {n+m)9' 

— B, sin (w-f m)^'] 
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p = a3 ” = 00 

= 2: HpC/i/) [cos s i JD) 

ps=-C» w^O 

- SUI J„.„ (7.D)] 

M 0 

Hence from the above boixndaij condition (i//), we ha\e 

or^tsCD .r «-*oo 

0= ^ § H, (7c)') cob p$' 2 (- (U)) 

-sin ^1/2 (/iD) ] 

ft ~0 ) 


+ ^ +• B % 

/> = “00 



whence, proceeding as m sections IV and V, the unknown co-efficionts 
can be found out and tho scattered system of waves would be known 


VIII 

The waves represented by will aftei incidence on tho vibiating 
cylinder be reflected Let denote tho velocity-potential of tho 
second system of scattered waves Koiuemboiing that it would be of 
the nature of a divergent wave-system, we assume, 

<f>a== cos 6^4 B"** sai6^) 

»«-oo 


The boundaiy condition on the vibrating cylinder must not be 
disturbed, therefore «^a Tiiust satisfy tho coxidition 

onr=(i^, 

0 r 

Now, in the neighbourhood of tho vibrating cyhndoi, r may be 
greater or less than D Theieforo, wo have, 

*)-s 00 

<#> 1 = 2 (A% cos j3^'4-B\ sin Jp{hr') ^ 
j[j«- 00 
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— § S J^+i) C®) J,(A?)[A% cos sin 

= 'i° J,+. (/.D) 

«=~C» 2) =-00 

+ sin 6^ ^ J3\, J, + /, (/iD) 1 

/; = - 03 J 

Fxom the above boundary condition we, tlieiefore, have 
0=-|-r‘l° J.ch)jooss0 ”1" (7tD) 

+ sins&'^ B'„J, + p {W)l 

p=CO ) 


+ cos s6+ sm sO) H, J 

whence the unknown oo-efficients can be found out 

Obtaining m this way the velocity-potentials of the successive 
leflected waves, the final velocity-potential of the motion would be the 
sum of all these including that of the initial unobstructed motion 

Bull Cal Math Soc , Yol XXI, No 2 (1929 
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On the I^XJUATION OK STATE 

\\Y 

KaMBSIIOIIANDIU MAfUMOAIl, iM.Sc 


Van del Waals* Equation of Stato (‘onnoctin^ tlu‘ pressuro and tho 
volume of a gas can be wntt.en in tli(» gcnunul foini as an udiiiite 
senes — 


p + 


a 






to 


whore p, V, R, T, a and h Iia\(^ Uieir usual nuMnnui;’ and <1*^, </ , i, *. 

are the numerical cooflleionts 

Methods are given for the (‘valuation of tin* nunnoaeul coidrunVnfs 
^a> ^*0 • above (‘quation The ((udlH'nud «/*, was flrnf 

calculated by Vaiider Waals lun s<‘lf and Hnlm(*qu(‘ntly by othero ^ and 
was found to be equal to one. Taking into aet^ounf the overlapped 
volume of the “ Dockungshpluiren when then* nHM*ollnu<uts betwi*en 
the different moleenles two a.ta turn* dAgtu ^ and Hoon afterwiiida 
Boltzmann ^ with two dilTerent nudhods ohtHiinnl the valin* «d iin 
A mong the recent workson the detenninat ion of nni.} la^ tinuditna d 

those of Keeaom and A 1^' (Joie ^ who (*onHidt*r( d tin* ntoleenb* i uh 
rigid elastic splieroids and diHeussed tln^ effeet of eerenfnedj mi lint 
value of ^2 Their value is, howeveu, sanuMis gnen ahmi* 


Tn die mothodH giv(ta by Planek Wit mb h’f/f Vfittsx AkmL d II h? IImih 
S 63a 6A7) niKl fiubseqaotidj irubqiemimilH b) M* N, Hiibnainl H h Ilo»e Iplnf 
Magi 36, pp, 199 202 Aug lOIH) with the help of KntinffV 

the ordinary Yandor Waalg ga« «qimtmii la ohtiuaed hi a loiuoilhane hum, 

^ 0 dagor, (/, II n»ner Math mharw , Mhvm llii> lofn p Ifi, 1M«I 

» L* Boltzmann, IVmi Ber [2ii] 105 (IHOOi M (lor» JWi ,1, H, faf, 

imd [b] S 162 V$r(fl auch Ene V 8, Ait Iloltiimmim uml Nidd Nr, 20 

‘ W n Koeaom, Amsterdam pnw, Vol. IV, part I, 1012* H* *ilil 2b»l* 

® A F* Core, Phil Mag 40, pp 260 272, Aug* 1023 
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The calculation of the coefficient e bit more difficult as in this 
case one lias to consider the overlapped volume of the “ Declaingss- 
pharen ” when there are collisions of three molecules at a time The 
first unsuccessful attempt m this direction was made by Vandei 
Waals ^ Later on Hr Van Laai ® attempted to evaluate^, Soon 
affcer the above work of Laar, Boltzmann pointed out ceitain mistakes 
in his calculation of the ovei lapped volume of thi ee “ Deckungssplia- 
reii ” Thus when the corrections aie made the value of becomes 
2869 Latei on m 1906 H Happel extended one of the methods 
given by Boltzmann for calculation of (^>2 in his Vorlessungen uber 
gas theoiie Band II S 143-151” to deteimine The value obtained 
by him <^3 =0 288, IS nearly same as that obtained hefoie by Laar- 
Boltzmann 

A complete historical account of the diffeiont attempts made to get 
the equation of state will be found in Encyklopadie der Mathematischen 
Wissenschaften Band 1 . Heft 1-G S 6G9-751 

In the piesent paper it is proposed to show how the Equation of 
State can be obtained up to any degree of approximation directly from 
Gibbs Law of Canonical distribution It may bo noted in conclusion 
that the first attempt in this direction has been made by Wassmuth ^ 
who has got only Vander Waals gas equation 



We have ftom the canonical distribution of Gibbs 

tziL 

p = Ne © ^2) 

where p is the density oE phase points having energy U, N the total 
number of phase points and i/r, ® are two constants 


^ J D Vander Waals, [e] okt 1898 S 160 (The wntei i egrets h.e fa.lnro to 
get first hand lafoimatvon about this work.) 

Hr Van Laar, 4 du Musee Joyler 2G p 237, 1900= 
damAkad Versl Jan 1899, S 360 

» L Boltemann, AmsUrdam Ber 1899 S 477-484 = Boltemann-s Wmen 
SchajtliGh$ Ahhandlun^en III Baud (1882-1905), 8 668 664 

1906 = 4«n d phys. 

' A. Wasamnth, ikad Wtsf, Wien. Ber, 122, 2a, S 051-066, MSrz 1913 


ON THE EQUATION OE ST\TE 101 ) 

We have from equation (2) on inioii^i aiinij; over ihe whole jy} spaf*e 


r r 


pAr =N ji' 0 At=N 

( = !) 

r izll 

. (1) 

Therefore e © Ar = l 

_'f' r 


Or (‘ 0 =: j r (■) At 

.. (h) 


Now if each phase point reprehcnts ;/ moleruk^s Imvuij*: , umo mo < » 
/I apiJ having positional and monunha fo oulimdes Hit* 

8-2 , 2 /n) «« and /Uj /u\; /u/m /< „ h* *10 rl i\ ol> , 

then the volume •'Olomont in the phasu-npaou luM’onm^ 


Thus the equation (!•) leducoh in 


r r 

(> ,Jr . , li 


e «=/.»“/ ... ..f, «,/, .1 


or 


t"l 


where L «nd 4> represent kumt.ie anti pelenhnl eiieir.> rei.pecliu-l^ 
Since the first intopfiul term is ji fiumliim nf vel.tei<> , ii tim. , geii . <t<t 
tain V, the total volnme of the gaa, with reapei”) (k w Im h I.. 1 II li.iu 
to differentialo the whole HorittN Infer on And lii'iiee (he .s) la 

tion may bo written in the form 

e 0 m oj .J I «> ,,, 

where 0 representa a constant intlopttmhmf tif V 

Again the average value of <I> in given !»> the mlutnm 


< 1 ) = 


an* 

V 


where a is acliaraoteriHijo giw oonHiaiii, 

4 
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_ -t ^ r 

So we have e o =Ce &V J . j dxi . 

... dz„ 


an^ 



= Ce0V k 


.. (8) 

or -i=l.gC+^+l.gi 


(9) 

where k=J Tda-, dz. 


. (10) 


Now to find out h, we should take into account the correction to be 
apphed to V due to the finite size of the molecules Thus when there 
IS a single molecule in the volume V, the available volume for the 
second molecule is not V but V— /3 where /3 is the volume of sphere, 
drawn round the centre of each molecule with radius equal to the mole- 
cular diameter o- Again when there are already two molecules in the 
volume, the available volume for the third molecule is V— 2^8 and more 
exactly, considering the overlapping volume of the two spheres due to 
the probability of their centres being within a distance or and 2o- from 

each other, is Similarly when there are 

three molecules, the available volume for the fourth one is 

V-3^-t-_^.6 ^ and again more accurately, on considering the 

probable over-lapping volume of the three “ Deckungsspharen ” at 
a time, 



2357 

8x6720 


2x0 0958 1 ,, /JO ^ 

— g 


Thus considering colhstons only up to three molecules at a time, the 
available volume for the nth molecule when n-l molecules are already 
present in the volume V is 


V-(«-l);8-b («-l)(«-2)-^ . 

V 64 


+ (w— l)(w— 2)(n— 3 r 

' V* L 


2357 

8x6720 


2x0'0968 
■ 8 


* Boltzmann, Graetheone, S 167 
t Laar-Boltz^pann I c. 
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Or neglecting the difference between w, n—1, u—2 aiid»i — 3, since u 
is very large, the above volume becomes 


17 , T 2x0 0958 1 ^ 

V-»^+ g J 


T~ 64” ' 8x6720 

Hence we have 

jjjdx,dy,dz,^Yjjld.,Jy,<L, = W-li 


JJf 


d,,dy,dz, = V-2/3+ JA 2 


r/T? 7 7 xr 17 0;8= r 2‘i57 2x0 0958 1 , /8’ 

JJjd.Jy.dz^=Y-6^+--- ^ +[_s^-(.,720 “ — 8 " J ^ V^- 


" if- +[^11 


6720 


2x00058 1 oj 
g J 


and so on 
and thus 


f:] 


L V 64 V* 


2857 _2x 0 0958 

8x6720 8 


Pi nl3,n»3^ 

17 m»/3» 

2357 2x0 0958 \1 


04'^ V» 

,8x6720 8 ;J 


)f;] ... 

. (11) 


Therefore we have 


, , , TT . fi . w'/S* 17 

log h=n log V + log L 1- Y + y,- 

w’iSY 25)57 _2>^0958 \1 

V» V 8x6720 8 / J 


» Laar-Boltzmann L c. 
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iia 


-n . 


T 


' 2357 

2x0 0953 

\ 

L V 

64 V" " 

, 8x6720 

8 

) V> 


17 


] 


64 V» 3VV 

liigher order than -^rj- being neglected. 

Or carrying out the above summation, wc got 

log k =nlogV-!^- 2570 5520 

^ 2V 64 ■ V» 53760x4 V*' 

Therefore from equation (9) we have 


=log 0 + ^+ n log V-”-l 
® ° ®V “ 2 V 64 V* 


( 12 ) 


2570 5520 m‘/ 8“ 
53760x4 V 


Hence remembering, p=z — ^^^ wo get 

9 V 


.. (13) 


Jf' = 4.A!^*‘4. 3 x2570 5520 w‘/3» 

®V» V 2V“ 32 V» "Sb^eO-xd:" 


(14) 


Or putting ^=6 and ®= BTT we we have finally 


„ + “»* _NKT 

v« v“ 


[ 


1 + 


5 

8 


6* 

V> 


+ -28689 


6“ 

V» 


] ... (15) 


vrlucli gives 0a — 28689 in good agreement with the value obtained 
by Boltzsmann (0g = 2869) 

Before concluding this paper we should like to discuss a special 
case of some interest m the following section. 



ON TltK WiUM'lON <»l 


I 


HI 

If we tiogloofc tlio ovoi'liippoig of flu* H* ' iooi , j 
tion (11) takes tlio following snuplo ii'nn 


h= V"[ 




Therefore nogli'cling iliiToi't'iu’c lu'lvwt ii n ainl 



log /h=n log V + loK 





I* 


' I 




-Jlo..,| I ^'1 I- 

Tims from tho oquaiion (!>) wo haxo 

-|-=logC + "y +« log V + log 'y p l‘" ( I ^ • 

-f Ing^ I p )... t) I 


Therefore using tho relation pti > 


i.= X +. 

® ®v^ l-/f/V ^ l-'i/l/V ^ 


. I 


,i V • 


■ Z?— x!fL X 

■ ®v> 


+^+ v» [( *■*?■*■ V* " ) 

+ ’'i(l+“y+“P + ) 

+ 3(1 + *!^+ + ) 

+ ,.(i +«/4 «v;’ 
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And summing up all the series we have 


£. = j, f 

® ®V‘‘'^Ly8V 


_ _ an’‘ 1 r ^ 

“ ®V‘‘'^]sL"V 




Now since ®=:KT we got finally 


P= 


KT 

A 


log 



. (19) 


which IS the Planok-Saha-Bose Equation of state referred to in the 
introduction 

It may he noted in conclusion that the present motliod can ho easily 
extended to calculate the higher coolEcionts in equation (I), provided 
the corresponding overlapping of the “Deckungsspharen” is known 

Finally I must accord my best thanks to Dr K 0 Kar for hm 

kindly suggesting the problem and giving valuable advice in course of 

the work 


Bull Cal Matn Soc„ Vol XXI, No 2 (1920). 
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The Jatna Softool of Mathematics 

Ry 

BlBnXTTTBIIUS'VN D'^TTA 
{Umveis^ti/ of Oalcntta) 

InUoducto'iy 

The present article does not pi of ess to be a complete account of the 
mathematical achievements of the Jamas Indeed the account it gives 
is far from being complete and has been lather desultory The excuse 
for still wishing foi the publication of this article mspite of its 
admitted impeifection and other deficiencies may be shoitly stated 
thus The writer who has only recently began collecting materials 
for a full and compiohensive account of the contnbution by the Jama 
scholars to the development of Hindu mathematics, will have to refrain 
from further prosecuting his project now at this pielimmary stage of 
the investigation So be wishes to keep m print a biief record of the 
results obtained by his labour in the hope that it will probably save 
the future and more buceessful leseareher at least of some amount of 
his labout Moieover, even within this short span of time, theio 
have been discovered eeitain mathematical results which are not 
only highly interesting but aie also considered very important for the 
history of Hindu mathematics. Hitheito the sources of our informa- 
tions about the achievements of the Hindus m the science of mathe- 
matics were piactieally confined to a period, the upper limit of which 
can be put at 499 A D , the date of composition of the Aryablmtlya 
by Aiyabhafca (boin 476 AD), The Surya-sidd/iMta is believed 
undoubtedly to be an older composition , but it has gone through 
so many recensions that it is not easy to assert without any fear 
of contradiction, how much of the original matters have been retained 
in its present redaction. Here we give for the first time certain 
facts which will undoubtedly shift back the upper limit by eight 
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eeatanes afc least if not more. Ifc is hoped that this f'^rtiole will m- 
spire some enthusiastic workers in the history o£ Hindu mathematies 
to a more careful, diligent and exhaustive search in this fruitful 
field 


Place of mathematics in the Jainnw 

The Jamas attach great importance to the culture of mathematies. 
Their religious literature is geneially classified into foui groups, 
called annyoga^ meaning the exposition of the punciple ’’ (of 
Jainism) One of them is the gamtannyoga or the exposition of the 
principle of mathematics required in the Jainism. The knowledge 
of samlchyana (literally the Science of numbeis/^ meaning arith- 
metic) and 'lyotisa (^^ Astronomy is stated to be one of the prin- 
cipal accomplishments of the Jama piiest ^ It should be noted that 
the necessity of the Jama priest to learn mathematics arises by way of 
finding the proper time and place for the religious ceremonies.*^ The 
Jamas attribute to the founder of their religion a sound knowledge of 
those sciences,^ According to them, a child should be taught 
firstly writing, then arithmetic as most important ’’ of the seventy- 
two sciences or arts ( hlj^a) ^ 

Sources Gamta sara-sarngi aha of MahTitnra, 

The only treatise on arithmetic by a Jama scholar which is availa- 
ble at present is the Qamta-sara-samgraha ^ of Mahavira (860). 


' Bhagahatl sutra with the commentary of Abhayadeva Sun (c 1000) edited by 
Agamodayasamiti of Mehesana, 1919, Sutra 90, Uttar adhijay an a-sMra, Biiglisb 
traualation by H Jacobi, Oxford, 1895, Ch XXV 7, 8, 88 

® Compare the refaark of Santioandra Gaiji (1695 A D ) m the preface to his 
eoromentary on the Jamhi^dvipapra]rtapit 3^?rTf»T H1TO- 


* MpwStraofBhadrabaha (o 860 B 0 ), Bngliah translation by H. Jacobi. 
11 10(SBE,vol 3i2, p 221) ’ 

The Antagada dasao and Anuttarovavaya dasdo, English translation by 
L D Barnett, 1907, p. 30 Compare Kalpasutra, loo ott , p 282 , SQtra 211. 

It IS noteworthy that in the Buddhist canonical literature also, arithmetic is 
regarded as the first and the noblest of the arts (hlpa) Vmaya Puaha, ed. Olden- 
berg, vol 17 , p 7 , Magstma Nthaya, vol. I, p 86 , Cullarnddesa, p 199 etc 

‘ Ga«.to-a5raaa%rahaotMahllv!ra.edited with English translation by M 
Rangacarya, Madras. 1912 In futare the reference to this boob, if not otherwise 
eifc^ted, will be to the English translation ^ ^ 
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Tijoie are also known two astronomical tieatn,es, called the Suri/a- 
pi-Hjnaph and llio CaadtapmiTwph Theic vveio e.-itamly other mathe- 
matical tioitises by the oatly Jama seholais, which aie now lost 
In 1 he mtroduetoiy ehai)t,ei of Ills biok, Mahrwiia ha, exptessel his 
obliujatioii to a greit iianhu of pievious inithniialiciin, tiom whose 
works be lias cliawn his ins[)iiatiou * 


With the holp of tho acomplisod holy sages, who are woilliy to ho worshipped 
»y tho lords of tha w jrld, and of Uioir disoiples iind disciples disciples, who con 
stltuto fcho woU-known ]ouUod senos ol pre.cptors, I glean from the great ocean of 
till' knowledge of numbers a little of its essence, in the manner m wliioh gems are 
(piokod up) from tho sea, gold is fiom tho stony rook and the pearl tiora the oyster 
Hlmll , an 1 give out areording to tho pjwor of my'mtelhgenoe, the Sara-iamgraha, 
a Hinail work on arithinotio, which is (however) not small in value ” 


Acjam in tho coiielmlm r linos of (ho same chaphei, he obseives 2 

“ 'Phus tho loiiiuiiology is stated Inielly hvjho gioat sages What still remains 
fcit III" naid shouia ho loauit in detail fuiiii tho Agumas ” 


'rhus wu corao to know of the existence of obliei woiks on mathe- 
1111110"^ which were eonaideieJ ns the Agnmas or “ sacied 
tlUM^ios.” The very name itself of Mahrivira’s treatise Gamfa-sara- 
-wih,ffrali‘t (01 “ tho Collection of tho essence of mathematics ^’) 
rovc-i.ls tho existence of othoi treatises We have more direct proof 
of this MahJvIra has (luotod a uilo by a Jama mathematician foi 
tho «solutioti of a certain class of inobloms ** “ This is the solution 

of (this kind of ) problems as pioponmled by the learned, and the 
rule (itsof) has been declaroil by the great Jauu/’ ft should be noted 
that the author of the Gamki-nUia samgiaha has always held, the 
(lrea.t MahilvTra, tho founder of Jama religion to have been a gieat 
mathematician '* 


* Ganita sara aaMqrahUt i. 17-10 

* Ihid^ 1 70 In tluB Uangacarya’a 
iiialce it more litoral 

Ib%d, VI 154. 

* Compare i. 2 


iranslatiuii Ins been sliglilly altered to 
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Bhadrahahii and hs Samhfa 

Bhadubalni (died 170 A V ='i98 B C)S a veiy piomment 
puisonage in the hisloiy of the Jama leligion, who is leputed as the 
last of the {i e those who can lepiodnce fiom memory 

the whole of the voliiminous eanuomeal literatuio of the Jamas), is 
known to bo the authoi of two astiononueal woiks (1) a commen- 
tary on the ^vAyaptajfi'tpti, and (2) an oiigmal work called the 
Blind rabahaol BamhitH None of these works is available at piesent. 

The foimei has been mentioned by Malayagiii (c llfiO) in the 
opening veises of his own commentaiy on the Suiyapiajuaph and 
m fact he has quoted a few lines fiom that work ^ A woik of the 
nane of the Bliadrabahavi Samhta was found by Bulilei, ’ but its 
authenticity has been suspected by modem scholais on the ground 
(hat (1) it IS of the same ohavaetei as the othei Samhifas, (^) it has 
not been mentioned by Vaialnmihiia (505 AD) who has lefeiied 
to many anterioi wiiteis, and (i) it contains the date of its last 
ledaotion, mz , 980 A V ( = 51 ' A.D ) i Certain passages fiora one 
Bhadiabahu have been quoted by Bhattotpala (900)"’ 


Other Sources 

We know ot anotliei Jama astionomei of the name of Siddhasena, 
who has been refeirod to by Vaiahamihiia, Bhattotpala has quoted 
the eoriesponding passages fiom the woiks of Siddhasena. So it 
must have been existent at his tune. It is lost now Besides, from 
the specifie treatises on mathematics mentioned above, wo can get lot 
of informations about the Jamas’ knowledge of mathematics fiom the 


' If tlie traditional date (627 B 0 ) ol fclio tUialli ot Miihavfia be aoioplod, thou 
tbe date ot Bhadrabahu’a death will bo STO B 0 Bat wo have lioio accoiitod the 
date aug}i;eatod by Pi ofosaoi Jacobi on the anthoiity ol tho groat Jama author 
Hemacandta (died 1172 A D ), viz , 408 B 0 

» Sutra 11, comraentary 

® Report on Sanskrit Manuscripts 1874 1876, p 20 

* Mpasutra of Bhadrabaha, edited by II Jacobi, Leipzig, 1897, Introduction, 
p 14 

® Brhat Sa'mhita with the ooinmontaiy of BliaUotpala, edited by Sudhakara 
Bvivodi, Benares, 1896, p 220 
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vaiious Aidha Magadhl relis^ious and seeulai books Foi instance 
the commentator Sllanka (862 A D ) is found to have quoted thiee 
veises beaiin£y on pei mutations and combinations which cannot be 
traced to any available treatise on mathematics ^ Elaboiato specifica- 
tion of the dimensions of the different dvipns or lands of the fantastic 
cosmoijraphy of the Jamas will coitainly throw much Inj^ht on the 
daik pages of the foi gotten histoiy. 

Some valuable infoimations as legaids the knowledge ofmatberna- 
ties amongst the caily Jamas ate expected to be found in the two 
othei classes of woiks, viz , Kse/?asav?asa and Kayanabhdvana oi 
Karanngatha Theie aie seveial works of the name of asamasa 
(“Collection of places’’), the cailiest of which is by Umas\afi 
(c 150 B C ) This last woik is also known as Jamhiuhupasnmdsa 
Jinabhadia 'Gam [c 550 A. D ) wiote two woiks of the same class * 
a bigger one, called K^etrasamasa and a smallei one, called 

Litghw Kseii asa7na^a Such tioatiscs weie composed by the Jama 
scholais of the 13th and 15th centuries even They aie expected to 
fuiiish infoimations as legauls the knowledge of geometry amongst 
the Jamas. The othei class of works KaranMat and aie believed to 
be oldei than the K'^ctiasanuim They give in a nutshell the matho- 
matical calculations employed ui the Jama canonical woiks Though 
1 have met with many (pi ilatious fiom them by the vauous Jama 
commentatois of latei times, oiiginal works have not come to my 
hands as yet. 

Topics of MaihetnaUcs 

Accoiding to the SUidndnga sUtaf a Jama canonical woik of 
300 B C or still eailiet, the topics for discussion in mathematics 
[samkhgdna oi the “ Science of numbers ”) aio ten in numbei 
pmiharma (“fundamenlal operations”), vgaoahdra (“subjects ol 
treatment ”), (“ lope,” moaning “geometry”), 'tdh (“heap,” 

meaning “ mensuration of solid bodies ”), haldsavarna (“fiactions 
ydvat4mat (“as many as,” meaning “simple equations”), vaign 
(“ square,” meaning “quadiatic equations ”), (“cube,’’' meaning 

' Vide mfrUf p. 134 

^ Satra, 747 

Km) ^ I 

gff cr ct? n ii 
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cubic equations’’^), vntga-vayga (“ biqnadiaiic equations’’) and 
vikaJpi ( ^ pel mutations and combinations^^ ). 

In explaining the above teehnieal teims, specially those i elating 
to algebra, we have departed so much lioni the opinion of the 
eornmentatoi Abhayadeva Sun (IOjO A D), that a jusiificatory 
explanation is necessaiy, The eominentaloi has displayed much 
Ignorance about the science of algebia Now the subjects of paular- 
may vgavahaia and kalastivnina uill he leadily lecognised as they 
appear m the same foim in the Qanita-sai a-mmgi aha of Mabavlia, 
the only Jama mathematician oi later times whose woiks aie available 
to us The first two teuns appeal indeed in the woiks of all Hindu 
mathematicians from Biahmagupta ( 028 ) onwauls Though the 
teim Taj]n does not appear in any latei vvoik, theie will be no diffi- 
culty ill recognising it as lefeiring to plane geometry and as equi- 
valent to the term kseha of latei woiks It is synonjmous with the 
teim suUa of the Vedie peiiod Hence Rajja-samk/ij/aua is identical 
with ^rMa-sutaa ^ The eornmentatoi has lightly identified it with 
Ksetragamfa, a name foi geometiy appealing in the Qanilasa'ia’^ 
mmgraha ^ The teim rasx appears in latei woiks, except this last 
mentioned one, and means measuiements of mauiids of giain. But 


This vorso has boen quoted by 6ilauka (802 A 1) ) in hi8 comniontaiy oi 
Sutrakrtmgasutra (2nd Srutaskanda, oh i, Sutra IGt) in a alij^htly motlilied foim 

'The editor of this last raentionod woik has tiaiisUtod it into Saiiskiit thus 

JiTWRfj »T2(f5cr gsr n 

This shows clearly that the editor has failed iiuaoiably in giasping the tiiio 
sense of the second Imo of the original verso or of the modified one Thoie is 
nothing in the either fiom which could be lofoiiod a rofoi i co to “ loots ” (nulla) 
Above all by that interpiqbation, he has made the number of topics ioi discussion 
to be eleven, against the expi ess injunction of the canonical woik that they aio 
altogetbei ten So we shall lejcct his reading of tho verse Foi similai loasons 
we shall discard tho modification of the commentator Silaijka Pudgala as a topic 
for discussion it mathematics is meaningless 

1 Compare Kdtyayana-§ulha panhsia (i 1) whoie Geometry is called 
samasa ” 

^ 011.V1 ^ 
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I do not flunk that it has been used in the same sense in the canoni- 
cal works Poi measuiement of In^aps of s^iaiii has nevei been c^iveii 
any prominence in latei matiiematieal woiks and indeed it does not 
deseive piomineneo So it can be luidly believed that it was 
consideiecl m the canonical works to he of siich impoitanee as to be 
counted as foimin^ a sepaiate section of the science of mathematics 
I am of opinion that fan means heap in ijjeneial and hence leleis 
to the section devoted to the treatment of the monsui .\tion of solid 
bodies In the latei Hindu treatises on mathematics, this section is 
named lihata^ and the rasi covers a veiy small poition of it 

Hitheito we have piaelioalb nf> (liiTieult\ in inteipietini^ some o1 
the names j^iven in the Hfhancmganiha to the clitfoient sections of 
mathematics and in identifj^inijj them with the names c^iven to the 
correspondiiiiy sections of the latei mathematical treatises In the 
identification of the lernainin^ terms, the commentator is not only 
of no help but is, on the other hand, positively misleading:? The 
culture of mathematics had cleleieoiatecl so much amon«?fet the Jama 
scholars of later tunes, inspite ol the strict injunction of then 
religion to study mathematics, that they could hardly understand 
and appreciate (lie early scientific woiks Tn such cireumstanees it 
IS not strange to find that they would make colossal blunders in 
explaining portions of mathematies, especially its analytical branch 
which requires keen and subtle rntidleet for proper undeistandingJ 
Abhayadeva surely thinks that luoga, ghaut and vaiga^varga refer 
respectively to the rules lor finding the square, cube and fourth power 
of a number Butin Hindu mathemalics from the earliest times 
squaring and cubing are eonsiilered ab iundamental operations and as 
suih they are covered by the term jafnkanua. The method of find- 
ing the fouith power of a number has never been given a separate 
treatment in any work, for it is after all a ease of squaring If it, 
however, be supposed for a moment that such consideration was pio- 
bablj given to it in the olden days of tie canonical works, ue ought 

^ In faunoss to the conimeniaUi Abhayaclova Sun, it hIioiiUI bo stated that ho 
seems to have been acquainted with the authniotical tioatino ot SihUiara, but not 
with his troatiso on algobia For ho has qiicted poitioiis of coitaui voxses, eg, 
saddrsadvtia.<tghatah, samainrdsehaUh yvluLh am ho tinted to Tru<(ittka (Eulos 11 
and 16) But m attempting to explain ho has quoted a poioo of veiso 

wiitton in Prakrta, and another veiso containing an obsouio mathematical pnnciplo 
which cannot bo traced to any known work* 
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to hfive found sepaiate seetions foi still hijjjhei povvois of numbois, 
which, it will be shown later on, woie known to the eaily Jamas, In 
such ease, it will be more natural to ex:pect to lind a separate section 
for the method of finding the squaie loot m which the Jainas 
were quite at lund I hive no doimt in iny inni.l that 
refeio to ^‘quadratic equations,” t) ^^enbic equations” and 

varga-vaiga to ^^biquadratic equations ” 

Abhayadeva Sun hela that t! lofci^ lo multiplication 

01 to the summation of «eues {mmhahta) Now maltiplu3ation is in- 
cluded in the fundamental opei ibions Vnl m refeuini^ i.o the altei- 
native he has contradicted himself Foi he has stated a little earlier 
that this latter subject is included in the section ugaiahina {^vf/ava- 
hara^ henlh vgmaharMi) This mteipietation of the commentatoi 
can be objected also on anothei ground In an explanatoiy note to 
his interpietation of yaval-tavat, he has quoted a inlc for finding the 
sum ( 8 ) of n> uatuial numbeis togethei with an example which woiks 
out 


2 x 

wheie X is an arbitiaiy quantity (ijaddrocha, oi yaval-faoal). 

Obviously the mtroduetiou of u" is quite useless I venture lo 
piesume that the term yavaUtaval is eounected with the Rule of 
False Position which, in the eaily stage of the science of algobia m 
every countiy, was the only method of solving linear equations It i« 
interesting to fin^ that this method was once given so much impor- 
tance in Hindu Algebra, that the section dealing with it was named 
after it f he commentator, mspite of his other errois, is of opinion 
that ydvaMdvat originated from ijaddrochd, meaning aibitrary* 
quantity ” or from vdfichd meaning desned quantity ” We find in 
the Bakhshall mathematics, that both of these latter teims have been 
employed there in connexion with the rule of false position, * This 
Bakhshall work was written about the beginning of the Chustiau era, 
andheneeinapouodnotveryfar frona the date on the canonioal 
work ^This will point to the correctness of om interpretation of the 
teim yavat-tavai in the Sthananga-sutfa 


’ Bibhuhbhusan Datta, “The BaklishSH Malhematios ’’ 
Vol XXI, 1929, No 1, pp 1 60 


Bull Cal Math Soa. 
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The eommeiitatoi has acted most foolishly in explaining the lattei 
poiiion of the verse He thinks that vatjguvaggo vikoppo ta should be 
analysed as va^ga-vaigah api Idpah tatha 2in<i sa}s that the section on 
halpa deals with what is called “saw’’ in latei woiks Obviously the 
eonstiiietion of this iioition of the veisc shouldbe vargava^gah vihalpah 
(athd It will be shown laiei on that the eaily Jamas aitacdied 
gieat impoit.ince to th(' siib]('et of peimutalions and eomhinaiions 
(vikalpa) So it will he quite nalmal that a section of thou tieatices 
on matliemaiies should be devoted to its treatment 

One teim in the Int of topics of mathematics as stati'cl above 
deseives paiticular notice It is the teun ^jdnai-ldval That teim 
enteis laigely into Hindu \li;ehia ol latei times as the symbol loi 
the unknown I L has been suggested that it is eoniu'cted with the 
definition of the unknown quantity given by the (iieok Diophantus 
(c 75 A D) as ^'eonUining an indetei minato or unclefinod multi- 
tudes of units” (plelJios mowulon aoriston) ^ The implication behind 
that suggestion was to show the (h(‘oIv influence in the Hindu Algcdira 
It lb now found that yaodl-lduaf has cnteu'il into Hindu mathe- 
matics mote than live eentuiies hefoio DiophantU'^ So if that sugges- 
tion be at all tiuc, though I doubt it^ it will have to be admittel that 
the balance ol (Widenee is in favour of the Hiiulus, showing the 
possibility of the Gieok Algebia bmnginfluoneed by the Hindu Sc cnee* 
This will take aback the authoi of that suggestion 

The ancient wen k G/7yn/ defines the teims panharma as leftrimg 
to those tundainontal opoiations of mathematics as will befit a student 
to eiitei into ihe le^t and the leal portion of tho science. Aceo'ding 
to it the fundamental opoiations aie sixteen in numbei.*^ It may be 
pointed out that Biahinagiqiia makes the numbei twenty and all 
othois have i educed it to eight 

SUiUiidriga-sUlia ' eonsidois mathematics {gam (a) including per- 
mutations an 1 combinations {hhanga) to be verv subtle {^uk^ma). The 
eommentatoi obseives tint tho o subjects are considoiod subtle as 
their s udy leqnne^ subtle nitelloeti Ho fuither adds that though 
pei mutations and combinations arc leilly mcluded into mathematics, 
they have been aceouled a separate mention on account of then 


^ G li Kaye, Indian Math (amt tios^ GtilcMn,, p 25 
Q'uotecl in tlie Juana Kucyclopaedia, Ahhidhana Ra^enduu 
^ Butra 71(5, 
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nnporfcanee ' This canonical woik has once lefeiied to the “elements 
ot‘ mathemitus {ganita’ti/n en blj^ndm) ® The antlioi piobably meant 
theieby the science ot iliyebia {/)7 j(tgnnit(i\ h'oi we luve seen behie 
tint he included topics ot altyebia in eiiiiinciatinof the lopics of 
mathematics In the o])inion of ihei i^Tdrah Umgn-'.Tiha,'^ “a^eom&trj 
IS the lottn in raatheinities, and the lesL is infeiioi ” 

Cetlain Mcnswatinn jounnlw. 

In the Fill ioai thdilhtfjciiiiT-SHti Cl of UindsvAti is found the 

incidental refeience to the followincr mensuration formula' If C de- 
note the ciieumfeienea ot a eiicle of diameter d and aiea i, then 

(1) 0 = v^ioIF, 

(2) A = ~ Cd 

4 


Again if a denotes the aic of a segment ot the ciiele less than a 

seniiciielti, c its chord and k its height oi aiiow, then 

(3) c=^'4<h{d~^l), 

(4) = y (d— ■</ d’‘ — c^), 

(5) a= + 

.6) d=(^ M 


’ Ting will support out paraphrase ot the latter portion ol the verse ot (ho 
Sutra 747, that oifcalpo refers to the section on permutations and combinations 
^ Sthananga sutra^ Sutra 573 
2iid Smtaskanda, cb i, verse 154 

* Tattvarthadhigama-sMra with the Bhaaya of Umasvati, edited by K P Mody, 
Calontta, 1903 An eTOelleat edition ot this work together with the noLei of Siddlia' 
sena Gam is m course ot publication by Professor H B Kapadla of Bombay The 
Part oouUmiag the chapters I-7„ is already out, 
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(7) The poitions of the cneumfeienee of the encle between two 
parallel ehoiJs is half the difference between the corresponding aics. 

All these formula), with the exception of (4), aie restated in the 
J ambudvivaBamasa"^ of UmSsvati In this woiU, the method of find- 
ing the airow is stated thus 


(8) /i= a/ (o'* — r jb 


Miiliipheaiion and Duusum bij faciois 

In the *£ntdvarf/icidhgnwa-^nfici4ha^^a ^ ol UmSsvati, tbeie is 
also an incidental refeience to two methods of multiplication and 
division. One is our oidinary method, in which the lespeetive opera- 
tions aie earned on with the two luimbois considered as whole 
According to tlie othei method, the opeiations aie earned on in 
successive stages by the faetois, one aftei anothei, of the multiplier 
and thedivisoi It has been found that the final result obtained by the 
either methods is the same but tint the second method is shoiter and 
simpler than the othei The multiplieation by factois has been men- 
tioned by all the known Hindu mathematicians fiom Biahmagnpta ^ 
(628) onward The division by factois is found in the Tnsakka ^ of 


m?Ts?fTf?r i ” 

Oh in, <^utra H (Bha^ya) 


' This work has been published lu the Appendix 0 of Mody’s edition of the 
TattvartMdlngamasutra noted above 

I H nPuTt^t I fsT'^OTTrel^r- 

1 5IIT I ’srs >i«fr siir^w i gwftimt 

sgrwf ft'w: I i 

^ 1 “ 



“ II 62 

^ Brahma 8phu(a siddhdnta, xii 65, Brahmagupta on 11a it the Bheda method , 
oMiors call it Vibhdga gmana Compare It T Colebrooke, Algebra with Anthmettc 
and Mensuration from the Bansont of Brahmegupfa and Bhmoara, London, 1817, p 
0 Fn, j hereafter referred to as Oolebiooko, Hindu Algebra 
* Rule 9 


0 
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Sildhaia {c, 750). They went to Italy in the middle ages, thiough 
Aiabm, and weie called there the modo pei repiego.” ^ 

Umasvah 

Though. Umaevati is reputed to bo one of the gieatcst metaphy- 
sicians of India and though he is held in high estimation equally by 
the two mam sections of the Jamas, it is unfoitunato that neithei the 
time noi the place of his birth has been settled definitely up to this 
time According to the tradition of the Svetambaia Jamas, Utna- 
svati was boin m the now forgotten city of Nyagiodhika Ilia name 
IS said to have been a combination of the names of his patents, the 
father Svati and the mother Uma. He was the disciple of the saint 
Ghoaanandi. He lived about 150 B.C His disciple oi 

8} ^m^LeS,iya, the author of the is said to have died 

376 years after Sri Viia, that is, m 92 B C. and his earliest commen- 
tator IS said to have been Siddhasena Gam, oi Divakaia who lived c. 
56 B C The Digambaia tradition, on the other band, sometimes 
even changes his name and thinks it to be UmSsvilm!, not UmSsvati 
Aceoiding to it he lived m the yeais 185 A,D.-219 A.D Satis- 
chandia Vidyabhusan is of opinion that ho flounshed inthefiist 
eentuiy A T). All are, however, agreed on one point, that UmisvSti 
lesided m the cit) of Kusumapura (ancient Pafallputia, near modem 
Patna) ^ 


The Knmmapii^ra School of Mathematics 

It IS noteworthy that UmasvatPs name has come down to us m 
a gieat writei on the Jama doetiines, but not as a wutei on mathe- 
matics. He IS not even known to have even devoted himself to a 
study of this science Hence it will have to be concluded that the 
mathematical f 01 mulm quoted m his Taitv^bhadhigania-^HUta a-bha§^a 
were taken from some other treatise on mathematics known at his 


* X) B Smith, Histoiy of Mathematics t in two volnmoB, ’BoBbon , Vol IT, pp 

101, 136 , hereafter referred to as Smith, History 

® Vide the preface to Kapadia’s edition to Tatmrthadhtgama sUra and Peter- 
son’s Fourth Report of operation m search of SmsUnt Mss in the Bombay Circle, 
1886 1892, pp xvi-xvii, * 
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time ' The naethod of multiplication and division by faetois must 
have been veiy familiar to the intellisfoiitia of lus time Ofclioiwise, 
Umasvati woull not have taken leoouioe to it as a metaphoi to establish 
certain category of his philosophical speculations Thus wo come to 
learn of the evistenee of a school of mathematics at Kusumapura, 
near about the beginning ot the Cluishian cia It must have come 
into being long befoie Foi it will be lemembeied that the famous 
Jama saint Bhadiabahu (r 150 A V or ‘518 BJ: ) lived at Knsuma- 
puia and was the author of tw.) astiouomical woiks, a eommeutaiy on 
the Sufj/ajjrajfiapli. and the B/iad/a^ja/mvl SamhUd The caltuie o£ 
naathenaatics and asfcionomy siiivivol m this school up to the end of 
the fifth century of the Ohustiin eia when fbuiishod the fam mis 
A iyabhata (born 476 A D ) who is reputed foi his many innovations 
m the Flindu astionomy ami who his been almost unuximously 
acknowledged by the latei mathematicians as the fathei of the Hindu 
Algebra Theie is evidence to show that the uillueneo of this school 
of mathematics continued iiaabxted foi seveial oentuues aftei 
Aryabhata ^ 

lisuIaUon mth olhe) Schools of MaUtcmalic^ 

Two other impoitant and well known eoaiio^ of matliemabical 
cultuie m aucienb India weio U)jain and Mysoto The Ujjain Sidiool 
mcladed Biahmagupta and Bhaskaiaeaiya, the greatest of Indian 
astionomers and mathematicians, while the Souiheia School of Mysore 
had its lepiesentative in MahavTulcat)^a It will be interesting to 
know what were the lelations of these schools with the Kusumpura 
School of nnathematics Vbout 155 A.V, (=3s3U5 A.D.), a teiriblc 
famine is said to have devastod the lealm of Magadha It lasted for 
12 years In that terrible time ono section of the Jama eomrnuiuty 
of Magadha, headed by their pnest Bhadrabahu emigrated to Southern 


^ Such has also boon tho opinion of tho comniontalor Biddbasona * 

(m, 11 h 

•* There aro strong reasons to bohovo that there was another aHtremomor 
and mathematician of the namo ol Sryabha(,i atKasumapiua who was anterior to 
the Aryabhata of 476 AD Wo hoar of also many followers ol this latter Aryabhata, 
some amongst whom roso to ommonoo Oomparo “ Two Aryabhalas of Al-BirAnt/' 
Bull Gal Math Sog , Vol. 17, 1926, p 68. 
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India and settled near Sravana Belgola m Mysolo On Ins way h© 
passed through U]]am and halted there for sometime This tradition 
IS supported by local tradition, several inscuptions and liteiatore. The 
earliest of those inscriptions is dated 650 A D Vk e have already 
stated that Bhadiabahu was not only an eminent leligious teacher, 
but also an astronomer and a mathematician 1''hns connexion 
between the three importants schools of Hindu mathematics is leainfc 
to have been established in very earlv timo^ But in the absence of 
specific records, we are not in a position to give any fiuther idea about 
the character and extent of tbeir mutual lelaiion. We cannot say if 
Mahavira’s obligation to an eaily Jama mathematician, who is des- 
cribed as Jtimidra, or The Gieat Jina has any leference to 
Bhadrabahu This scholar piiest fully deset ves that epithet 


Dtsoot^e?^ of the 'luensm aiiO}i fo^ m ul(r 


It has been observed hefoie that IJmabvati is not probably the 
discoverer of the mensuiation formulm that aie now found recorded 
m his works. In tact, theie aie reasons to piovo that the most ol 
those formulae weie known centuiies befoie him. In the STiiya^ 
prajfiapU (c 500 B C and othei eaily Jama sutias aie stated the 
length of the diametei and circumfeienee of eoitain cneulai bodies 
{vide supra) These results are in aceoul with the foimuLc stated 
befoie Accoiding to the Jama eosmogiaphy, the Jarnbudvlpa 
which is eiiculai with a diameter of 100,000 j/ojmia, is divided into 
seven parts by a system of six mountain langes lunning paiallel, east 
to west, at regular intervals The Jambndvtpa-pmjfiapk (c 500 B C ) 
gives the linear dimensions of each of these paits ^ For instance we 
quote the dimensions of the Bhaiatavaisa, which founs the southern- 
most segment of the Jarnbudvlpa ^ Itsbreadth,(i c ,thehoightof the cir- 


cular segment) n 526 


19 


yo'jana, its length (z e , the chord of the seg- 


ment) IS a little over 14471 


A 

19 


yofana , and the length of its souther n 


^ Sttra 20 

® W Kirfel, Die Kosmographte d&r Inder, Bonn, 1920, p, 21(). 

« Jfamh idvlpapraifiapu with the commentary of SS-iitioandra Gay i, edited by 
Agamodayaaamiti of Mehasana, 1918, Stoa, 10 12, 16. 
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boundaiy (z e , the aie of the segment) is ] 15 >8™ ijojana A moun 

i y 

tarn, called Vaitaflhva, of the depth of 50 i/Ojnm, is said to be lunmnsf 
thiough the middle of the Bhaiatavaisa paiallel to its length The 

northern and southein sides of this mountain aie given as 10720^^ 

I u 

and yojaria lespectivelv Fiuther the poitions of the boun- 

ding aie cut off by the two paiallel bides ate <>iven to be 488-^ -t- 7 ^ 

1 9 88 

liajana each All these nnmeueal calculations piove conclusively that 
most of the mensuiation foiniula) lecoided by Umasvati were welh 
known to the author of the Jamhiulvlpapiaifiaph They also oceui in 
the ancient woik Kaianahhavana 

In the Uiiaiadh^aijana (c. 800 B C ), we find the following 
desciiption of IsatpiagbhSia, which lesembles in form an open 
Umbiella/'^ i c , the segment of a spheie '‘It is foity-five hundred 
thousand yo 3 anas long, and as many bioad, and it is somewhat moie 
than three times as many in eneumfeienee Its thickness is eight 
yojanas, it is gieaiest m the middle, and decreases towards the maigin, 
till it 18 thuinei than the wing of a fly Anpapakha-suira 

further apeciiies the eiieumfeieiico to be 14239800 ijO]ana and it is 
also said that the depth deciea&es an angida lor eveiy yojaria,^ This 
description strongly suggests a knowledge of mensuiation of a spheri- 
cal segment amongst the eaily Jamas 

It may bo noted heie that the formula foi the aic of a segment 
less than a semicucle reappeais in the Ganila-sara-samgraha^ of Mah^- 
vlra (850) and the Mahai^uUirnfa'^ of Aiyabhafca II (950) Aceoiding 
to the former 


a (gtcm)= d 
a (neat) = V 


^ Ultara(lhyayana»sMra, XXXVI 59-60 
^ AupapTiUkasMra, eel Leumann, 163-7 
® Gamta s^ra-samgraUa^ VII 43, 73] 

^ Mah&sidMnia of Aryabhata II, edited by Sudhakara Dvivedi, Benares, 1910, 
XV 00, 01 06 



130 


BIBHOTIBHUSAN DATTA 


and according to the lattei, 

a (gross) = v' + 6 ^ 

a (iieat)= + 

The Gieek Heron o£ Alesandua (c ^00) takes the eiieumfeie lee of 
the segment less than a semicucle to be^ 

+ih 

or \/4P+c2 + I V4P + o^ -c I ^ 

The Chinese Ch’gn Huo (died 1075) gives the formula^ 

a=c+2^ 

d 

It will be Observed that the Hindu value of the arc is oldei and more 
accurate than the other two It should be further noted that the for- 
mula (4) requires the solution of a quadratic equation We do not find 
amongst the Hindus, as far as is known, any expression for the area 
of a segment of a circle befoie the time of iSrldhara® (o 750) thouo-h 
it was kno vn in Greece and China long before. * ” 


TT ' ^ mtwo volumes, Oxford, 1921 , Vol 

book will bo referred to as Heath, Greek Mathemattcs 

mia ^ Mathemahoe ,n Ofcma and .lajioa, Leipzig, 

1913, p 62 , hereafter referred to aa Mikami , Chinese Mathemahos 

TrreaUka of Sridhara. edited by Sudbakara Dvivedi, Benares, 1899, Bale 47. 

L'LT C T r*®^**^ aa«e4a(1546) m his commentary of Bhaskara'e 

89, 9r94 MohasiihSnta,XV 

11.*22^3T P Mikami, Chinese Mathematwe, pp. 
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0 /„ (=^lo) 


In the SUryaprapiaph'^ (o 500 C,) we find reference (-o two values 

of TT. One IS 7r = 3 and the othei is 7r=^r0 The foimei is due to 
eailier writers and has been discarded by the autho*’ The lattei 
value of TT has been approved by him and adopted thioughout the 
eaily Jama literature And it continued to be so even in the Jama 
woiks wntten as late as in the fifteenth centiuy when the Hindus 
had disco veied moie accurate values ® Hence Piofessor Mikami is 
not eoirect m stating that the value 7r=^10 is found leeorded m a 
Chinese woik before it appeared in any H*ndu woik ^ For Chanij 
Heng who is said to have lecoided this value fiist among the Chinese 
lived in the years 78-139 A. D ® wheieas the Sut//aprajfi,apk is leferred 
to c 500 B.C In the (Iltawl/u/ayana-sut) (befoie 300 B.C.), the 
cireumfeienee is stated roughly to be a little over three times its 
diameter It is stated in the that foi an inciement 

of 100 in the diameter, the cueumCerence mcieases by 3iG This 
gives 7r = 3 16 


' Qiltra 20 

After referring to the dimensions of the solar orbit according to three older 
schools — all of which work out 7r=a3 — Mahavira says that according to him the 
diameter of the innermost orbit of the sun is 9%4.0 yopwa and its circumforonce is 
316089 j/ojoaaand a little over (kirictdviseffadhtka) Ho then states sots of other values 

for the dimeDaion of the successive orbits C«=316107 and a little loss 

(ktfictdvtiieiuna) , d =99061^, 0=815126 , c!=1000CO, 0 = 318816 (Wriduii'esuna), etc 
All these are clearly based on the relation 

SUryaprap%apti contains also other instances of the application of this formula For 
an explanation about the origin of the value ir^ see the author’s paper on the 
“ Hindu values of tt ” {Journ Astat Soe, Beng , Vol 22, 1920) 

For instance, Jlv&hhtgama-suira, Sutra 82, 109, 112, etc Jamhudvtpa^ 
2)rap1>apU, Sutra 3 , BhagahatUsMra, Sutia 91 ^ Tattv&rthadhigama^^utra*hh(lf^yaf 
111 11. 

* See Laghulmtrasamdmprukarana of Ratna^ekharasiin (1440 A D ) included m 
the Prakarana Batnahara edited by Bhtmasimha MStiaka, Bombay, 1881, verse 187 

* Mikami, Chinese Malhemattos, p 70 
® Jhad, p 46 

“ XXXVI 69 Compare also Jamhudvlpaprajitopti (Butra 19)-~trt^maam 
savisesam (a little over three times) 

^ Jhdhhgama sutra, Q^SitTB,112, 
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Apprommate voZws of surds. 

In the Jama sacied books, > (a 500 B C ) the dimensions of the 
Jambadvlpa which is eireular in shape, aie given as follows — dia- 
meter= 100000 yo]ana , circumference = ‘3 16227 yo'jnna 3 gavynh 
M?, ihanu 13i anguh and a little over, and area = 7905C9-1 150 
yO]ana I gavyuh 1515 dhanu ang da It will be easily 

seen that in calculating these values of eiieumfeience and aioa fiom 

the given value of the diametei, using 17=^/ 10 and the formulae 

and A=iCd, there has been followed a principle of appio- 
ximation to the value of a surd which may be expiessed as 

VN'=A/o2+e =a + -^- 

Modem historians of mathematics enoneonsly attiibute this appioxi- 
mate square-ioot formula to Heron of Alexandra (c 200 A.D ),^ but 
the ciedit foi its fiist discovery is truly due to the Hindas, 

A_ppj oximate vainer of hg frachons 

In the Jama woiks we notice anothei kind of approximation In 
a mixed numhei’ if the fractional pait is greater than i, it is leplaeed 
by 1 , on the other hand if it be less than i it is neglected So that 
for practical purpose the value of a quantity is often times stated in 
round numbers with the observation that the two value of the quantity 
is either a little more [hinciivi'sesadhha) or a little less 
se§una)» For instance,® the eaculated value of the eiicumference of a 

21 8079 

circle whose diameter is 99640 go^ana will be 816089 yo'jana 

according to the ap3roximate square-root rule noted above Ibis 
latter value is expressed m round numbers as a little over 815089. 

^ Jamhudvtpapra^napU, Sutra 3, Jivdbhtgama sutra^ Sutra 82, 124 , Anuyogad 
vara Sutras Satra 146 

It IS noteworthy that this relation between the diameter of a circle and its 
cicnmferenoe has been stated in a general way iq the Jlvdbhig atnasMra without auy 
reference to the Jambudvipa 
* Smith, History II, p 254 
3 Vide supra, f 131, footnote 1, 
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Similarly the ealeiilated value foi the ciieiimfeienee, when the dia- 
meter IS 100660, IS and it is stated as '^a little less 

636028 

than'^ 318315 Again foi an ineiease oi decrease m the diametei of a 
35 

circle by 5—, the change in the eieumfeienee ought to have been 
35 

17^ but it IS stated in loiind iinmbeis to be 18J 
61 


Fcrmufaliom and Gomhinahons 

The eaily Jamas seem to have gieat likmg for the subject of eom- 
bmatjons and pei mutations {blianga tGiolpa^ijamta), Foi they are 
found to have employed their knowledge of that bianch of mathe- 
matics in the various holds of their thought ^ In the Bhagabatl- 
Sutra (c 300 B C ), we find instances of speculation about the difEerent 
philosophical eategoiie^ that can arise out of the combination of n 
fundamental categories taken one at a time (ekahasamyoga), two at a 
time [dviha samyoga)^ three at a time (Irthasamyoga), or more at a 
time ^ Similaily we have calculations of the groups that can be 
formed out of the diffeient instruments of senses (Imrarias^ of the 
selections that can bo made out of a numbei of males, females and 
eunuchs,'^ oi of combinations and pei mutations of vauous other 
things ® la all oases, they have succeeded to find the eoneet lesults 


^ The ancient work Karanabhdoana retnarkH 


6] 




V 


310 X 310 
01x61 


1080 

01 


Off 

« 17 |£ approximatoly 


^ Similar great interest for the subject of combinations and permutations was 
evinced by the early Hindu writers who applied it m Uio field of philosophy, medi- 
cine, astrology, and also other subjects 
® BhagabaU^sutra (Sutra 31(1)* 

^ Ibtd, viii 5 
« Ibid, viii 8 (S 841) 

® Ibid, IX. 82 (S. 871 4). Of flambudvlfafraplafU^xx B , Anuyogadvdrd 
smra, Sutra 76, 92, 126, 

7 
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which will be now expressed as 


6 

II 

_n(n—l) 

' 12 

”0 

(n—2] 

“P,=w, 

'T,=«0t-]), 


I 

1 

ii 


After having stated the results forn=l, 2, 3, the author obseives 
And m this WQ,y five^ six^ seven, ten, etc , numeiable, in- 

numeiable or infinite number of things may be mentioned Taking 
one at a time, two at a time, three at a time, , ton at a time, 

twelve at a time, as the number of combinations are formed, all of 
them must be eonsideied ** ^ 

The Jama commentator Sllanka (862 A.D ) has quoted thiee 
rules regarding peimutations and eombmaiions ^ Two of them aie m 
Sanskiit verse and the othei is, most luteiestingly, in Ardha Magadhi 
verse We do not know uptil now of any treatise of mathematics 
written in Ardha Magadln Nor can the two Sanskrit veises be 
traced to any known woik Heie is then the most conclusive evi- 
dence of the existence of two eai ly treatises on Mathematics which 
aie now lost. The first rule is for determining the total numbei of 
transpositions that can be made with a specific number of things 
{bh6da-samhhya--panyfianaya) 

“Beginning with unity up to the number of terms, multiply continually the 
(natural) numbeis That should be known as the result in tlio calculation of per- 
mulations and combinations {mkalpa-gamtaY'^ 

That IS if n be the number of different things given, then the total 
number of permutations that can be made with them will be given by 

Bhagadaum ra, viu 1 (3 314) » 

^ wfetstTPr i 

^9^ irRat^a^r grqjMT 5fatt w • i ” 

EortheSansknt reDdenng of the Ardha MSgadhl ongmal of thm and other 

passages m this paper, I am indebted to Pandit Prabhat Kumar Mukerjee. Bosearch 
Scholar, Calcutta University 

d«Sra.I»se’^r“‘''^ “ samayadhymna, anuyoga- 


’CTKIT I 

I, <> 
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].2..3 (>i— 1)». 'rhcofchm- nil.'- .Uf f-n liinlm't Hi.> 

spread or repiesentakon (pi<ii>luiS>vt'lJ<‘ >). ’I’l"' 

taa>y rendered as follows 

“The total numbci of pcuiuit iliitun Ill'll.;' ’I’''' ^ ^ 

ahotiltl be dividsil by tho roil 'I'luiy ib'iiu.l b pi i '' I "i “I'l ’• •'' ' * "* 

totm in tba oaloulatioiw of poumilalitm < iiH'l I'ninl'ii- li"ii i 

The rule appeals to be c*rvi>tii * . but .MlinU.t b.i.eli'iuh ("vpluu .l 

it with the help of an iIluHfciafive ev.niiiile " b"* lbi‘)i' b<' r luutibr'i 

of things ... rt, Then Mu* tolal niimbct 111 imi nml.ile'in 

tha-t can be made with them will be by Ibe prevnm nile 1. ' -b 

l)a' 01 rl The number oi piiimufidimii whieh e.ni bni na 

partiexilar thing, say a,, for ith niilial digit "d! 1"' - ’ tl“' ' 

^ i "I'd 3t'tf' wtudn i 

*4 w Hi'tii't B ' 

'JCho Ardha MagadhI vpiro is (/larai'.i i/iitliui 

“ iftir fjH'nb'air bii BiU bi i 

'33fi»fili|l' 3<vt BitiB 'fs-timl i!«( II " 

^ S^Iiaiikii HuyH Hd WH: IsiWffiJrtCl fltB'jd— •'W ♦(i.ltMIHHi 
ftBff^ I ii-liwirt*! I laNl 

^aatiTiPT PlnigiTifrPit iif^iTfi'tc^ i nbuB ■ntinu'ejtef 'b'b, ♦iji| i #1 ! iwninif 

suer «twTffi rt^r ti^l wfdf-TfW't'F.iit tf-tiiMi '•iW'i I 

N % S # 

arfTH t «sj*’ f'm'jBiSfi'Kt •‘IWl I 

f^at'gyr’crf^ wP?r i tj«rr ^ BrnrfrBF«'tr»ir Bjik* im i d«ii 'lutdn md h*! m •t 

H*r; traitor iTfSfwttl w i rti-KiMii'BB wsiiS 

xr^r*T'TSi?#t »iT«fr: d'i’-fivBidi dni nt »ii *im 

w ■^W’SfwqftstRrd^^ trflnrdi^ ♦fHUdrtK 

i^flrrfsT w ■BT I 'mimhi h{is»m! sn^jtiviwn, 

rrrWi^iq^Bt sTf-Bti,; wriwi:- 1 »tf‘r n-tl't^in. 

»3:,5r 1 gff: iJ_i^>iir?tiT 3e< ijsnj 

?Tr«r»wr^ at^sr^Tyiili 'W i^hi si«<5| <!»?'! mmtiff b«h1»i*«i**iI 

X hope to 1)0 PxcuHod for a limglliy iimilatum. A.ni synteiimtu ,f In m .(ittil.d^* tfl 
tlio pertrmtations with a givi'ii immlinr of tliinpi a iml fniii,l m »ti) 'n'lH.it.lj 
rocklises on mathematics 1 have thouglil ihe •ll•lll•llll' ■|iiii|).i hy M , . , kIi r>, ..til. 

ing. This Bf heme lias sli’p hmi imlisl by Ht'iiiiteiuiilia thhi .» Ii« ‘ i Alt) ,»i 

hm commentary on Anuyoyadtiara-mitra, .Si/(r« i(7 Tbe mellii.ri „i ^• 4 b obliiig Ue- 
total n-umbar of pormutatioim la indioatail ni llm unKiiml uatoi (»/. iilai. Hi.ii* IM, 
110 ). 
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(f— 1) ! So put a, m the beginning of (^—1) ^ number of giooves. 
Similarly put m the beginning of another — I) ! giooves and so 
on Again amongst the first senes of grooves, the number of sub- 
groves that can have after a, will be (r — /(; — 1) or (r — ^)! 
Place aftei in those sub-grooves. The number of sub-giooves 
that can have aftei a will be {7 — 2)^ and put it after in those 
sub-giooves. Similarly with Again amongst 

the sub-grooves that can have any other particular thing in the thud 
place will be (r-2) t /(/ -2) or (r~-3) » and it should be placed m 
those eases. Proceeding step by step in this way in a systematis 
manner we can find out all the difteient permutations of things 


Law of indtoes 


In the Anuyogadvara-sutray a canonical work written before the 
commencement of the Christian era,i the total number of human 
beings m the world is given thus “ a number (which when expressed) 
inteims o£ the deuommations kott-koU, etc., occupies twenty-nine 
places (sttea), or it is beyond the twenty-fouith place (pada) and 
within the thirty-seeond place, 2 or a number obtained by multiplying 
sixth square by the fiEth square, or a number which can be divided by 
tiro) ninety six times It is indeed a very largo number and the 

different specifications seem to have>een necessitated to indicate it 
correctly. 


fi T* ini^eate how the highei poweis of a numbei are 

defined mthe work Of course we do not find powers other than the 


written a commentary on the AnL7a l7r„ T ^as 

whmh admits of two mterpretatioL , eif/ier (iT’ 

form a yamila pjia Henoe the number deaniuK thlT^ ^ k'’*’ rotational places 
24tb place and below the S2ad place 0, m ^ 

■ ..d p.,. jir.. .ZZT:’t<rr: " “* 

contemplation 13 stated to be lvin<r between n.» **ie number in 

The either in terprefeatloa will fit m ^ square ana the eighth square. 

^ Amyogaivara sutra, Sutra 142 
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sueces&ive squares (varga) and squaie-ioots {vaiga-rnTday 


squaio of a moans 

2nd 
-‘3id 


> > > > » ) 


(rt)- = a^ 

{(i^y^ = a^ 
(a')^=a8 


S^Jdinlurly, 


squaio of a means 

Istj ssquaro-ioot of a moans 
2nd ,, 

’ > > j j ) 

J> *> )J 




\/a = a^ 

V (\/a) = a ^ 

V (\/ (V a) = a^ 


nih squaio-iooi o£ a moans 

tt will bo noticed here, as m tho later Hindu tioatises on algebra, 
(hat powers o£ a quantity have been indicated on the multiplicative 
piinoiple. So that in general 

«th varga of a means a2x2x2x ton terms 
Hiiiiilarly we have for the vargamUa Again we find that 

3rd vargamula-gJimm of a means = « 3/8 

1 he mode of indicating poweis of a quantity is more clearly stated in 
(ho UttaraAh^a^ana-sutra {c 300 B.C or earlier),^ According to it the 
Kocond power is called vmga (“square”), the thud power ghana, 
( (',ub 0 ), the fouith powei varga-vatga (“ square-squaie ”), the sixth 

pnwer ghana-varga (“cube-square”) and the twelfth power is called 
gAttnti-varga-varga. These terms reappear m all the Hindu 
tresfctises on mathematics It should ho noted that in this word we 
do not find any method for indicating the odd powers, such as the 
seventh, etc. 

*■ It has been stated by tho writoi m a previous paper that tho use of Iho word 
wtafa in the theory of numbers in the sense of " loot ’’ ooours in tho irsai)ba«(pa 
{4iK» A.I> ) (“On M’dla, tho Hindu term for ‘loot Amer Math Monthly, XXXIV, 
ltl;47 V PP- 4.20.423) Tt is now found that tlio same use began before the beginning 
t*f the Ohristiau ora. It should bo fuithor noted that in this work the lorm wAla, has 
n pt}nor 0 le as well as an abstract concept 
“ XXX. 10, 11. 
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Now the number of human beings (N) will be obtained by 
multiplying the sixth power of % by its fifth power So that 

]S[ = 2<5^ = 


^79, 228, 162, 514, 264, 337, 593, 543, 950, 336 

This IS a very large numbei indeed and it actually occupies 29 
notational places, as stated m the woik. And obviously the numbei 
can be halved 96 times. 

We also meet with in the Amcyo^arhara-sUtra^ such statements as 
first square-root^ multiplied by the second square-root, or the cube 
ot the second square-ioot, and the second square-ioot multiplied by 
the third square-root, or the cube of the thud square-root All 
these come in connexion with certain calculations in which each result 
has been specified by two alternative ways.'^ Expressed sym- 
bolically, they will be 

X a^ = (a^) ^ 
and a'"xa« = (a^)^ 

After what has been stated above there will lemain little doubt 
that the early Jamas knew the law of indices 

X ^ , (a”*) 

wheie mj n may be integial or fractional. 


Place-^vahie s^dem of nolakon. 

Another very inteiesting and noteworthy point in the passage 
quoted above is that it contains reference to the '' places {sikana) of 
decimal numerical notation the denomination! names hoUAcoki etc. 
are indicated to be leferring to the places of numerations There 


Why the base number is usuaUy taken to be 2 m this case, though it is net 
expressly indicated in the work, we cannoti say 
^ Sutra 142 

® It IS noteworthy that these statements are of so general character that it will 
not be right to say that they are only arithmetical They indicate rather gene 
ralised arithmetic or algebra 
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IS farther mention of a very large numbei extending over ‘ twentv 

mne places - The refeienee to the « places ” of ealeulatmn (-« „<i' 
s tana) also oecuis in the Yyavahara-sUta i All these will i,tron<'’h 
ead to the eonalusion that the pkce-value system of decimal uotMtr*r 
was known in India in the centuries eailiei than the e.iurntneement 

of the Christian era. 


We cannot say what were the foims of the immeiaK aseil W tLf. 

eaily Jamas That they had some numeial eharaclers, we iiaviMu 

doubt J?oi as early as the foartli oi fifth century hifoie the 
tian era we find m a list ermmerahiig the diffeient wiitteii ehancti^i^ 
known about that tune, the mention of and 

lip% ^ That list has been laprodiieed m the Pruj il 

Sy4niftiya who died m 876 A V ( = 92 oi 151 B.C) u, 

names suggest further that the foims of numerals ii-^ed for cliffe^ei ^ 
purposes weie different The former refeis to the numeral 
engraving and the latiei to those used in ordinary writing, In fLu 
Jama literature, as also la the Vedic literature we ordinarily find ti<a^ 
a distinction is made beeween forms of alphabets used in 
(called by the Jamas hastulcafma ox ^^wood-wvik'^^) and in 
eripts, (called pustaha-lia^ ma or book-work ^ This refereree i** 
very important inasmuch as it shows how one-siileed and part il are tie 
views of those writeis who consider the origin and de?eIopmi-*n!; of 
the Hindu nuraeials on the palseograpluc evidence only* 

It may be noted that the numerical vocabulary found ordinarily 
in the early Jama literature is in certain lespects different from tlitl 
found m the Vedic literature Whereas in the latter there tie dis- 
tinct and special names for each of the units of d.ffrrent 
denominations, in the former on the othei hand, the ispi‘W»r> teraii- 
nologies, above the fourth denomination, have been eom«i by a eum- 
brous system of grouping and regrouping.’ Iliiis we lai;# tW 
following numeiical vocabulary units (eleu), tens (Jaw), hantIrptiM 
thousands (sa/ia^ra), tens of thousands, hundreds of 


^ Clui 

® Sd'yt'icivayaiigd-sutraf Sutra 18. 

® Prajnapana-sMra, Sutra 37 

AmLyogadvara^sutfOr, Sutra 146 , compare also Sfitra 10 44i4lirt ^ 

® Compare BibhutibliusanDatta,“ The preseat moi« 

Ind, HiSt Quoft, III, 1927, pp 630-540, 
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tens of hundreds of thousands, Jcoti, tens of Icott, hundreds of hoU, 
etc It has been pointed out by Hemacandra^ that the period of 
time, called st/^apyahehka) will be lepiesented in terms of the period, 
called ( = 8,400,000) by a numbei as laige as to occupy 194 

notational places ” (anka-st/tdm/u) and this number is further 
stated to be equal to (8,400,000) 


Clamficahon of nimiets 

Classification of numbeis into odd (oja) and even (j/ugma) occurs 
in the Jama canonical works. This distinction is veiy old in India. 
For it ocouis as early as the time of the YeAa'i (e 3000 B C.). 

The Jamas do not consider unity a number Such was also the 
case with the early Greeks Further classification of numbeis, 
amongst the Jamas proceed along their orders. Thus we have 111 
the Anuyogaivdia-Siuha ^ 

“What are the numbera of oaloulation (ganana-samkhya)? Unity does not 
admitof numeration, two etc are numbers They are (olasaifled) thus safii 
khyeya (“numerable”), asamkhyeya (“innumerable”) and ananfa (“ infinite ’’) 
What are the numerablea ? They are known to be of three orders, such as 
m^anyaV lowest "),utkrata (‘ highest") eod ajaghanyolkma (“ not high not- 
low,” that 13 intermediate) What are the innumerahles ? They are of three kinds, 
such as pantasamkhyeya (“nearly innumerable”), yuktasafnkhyeya (“truly 
innumerable”) and asamkhyeyakasamkhyeya (“innumerably innumerable”) 
What are the nearly innumerables ? They are of three orders, snob as lowest, 
highest and intermediate What are the truly innumerables? They are of three 
orders, such as lowest, highest and intermediate What are the enumerably 
innumerables? They are of three orders, such as lowest, highest and intermediate 
What are the infinites? They are of three kinds, sueh as pantSnonfa (“ nearly 
infinite”), yukUnanta) (“truly infinite”) and anantananta (“infinitely 
infinite ”) What are the nearly infinites? They are of three orders, such as 
lowest, highest and intermediate. What are the truly infinites? They are of 
three orders, such as lowest, highest and intermediate What are the infinitely 
infinites? They are of two orders, such as lowest and intermediate Which is the 
lowest numerable? It is the integer (ru po) two After that are the intermediate 
numerablea until highest numeral is reached ” 

^ AnuyogadDara-sutra, sutra 116 

° Compare Samamyanga sMra, Sutra 84 , Jamhudvi- 

fwprajnapt%^ Sutra 18 

* Smith, Bisiory of Mathematics, II, pp 26 fif* 

® Anuyogadvdra-sutra, Sutra 146 
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Now the highest numerable has been defuied in the work thus 
Coasidei a ceitam tioii;?!! vvhieh is ot the size of the Jambudvipa 
whose diameter is 100,000 ijojimi and whose eueumfeience is 316/Z27 
;i/0]ana 3 gavynU 128 (llianw 13] angicfa and a little over. Fill it up 
with white mustard seeds counting them one after another. 
Continue m this way to fill up with mustard seeds other troughs of 
the sizes of the various lands and seas of the Jama cosmography. 
Still it IS difficult to leich the highest numbei amongst the 
numerables So the highest numoiablo number of the early Jamas 
coiresponds to what is called A.lef-zeio m modern mathematics For 
numbers beyond that AmyogadoU^ a fuithei proceeds 

By adding iiDiifcy to the highest ‘natnarable,’ the lowest ‘nearly innumerable^ 
18 obtained After that are the mtennodiato numbers until the highest * nearly 
innumerable’ is reached. Which is tho highest ‘nearly innumerable’? The 
lowest ‘ nearly innumerable’ number multiplied by the lowest ‘nearly inuumerable ’ 
number and then dimiiiishod by unity will gi 7 o tho highest ‘ nearly innumerable ’ 
number Or the lowest ‘ truly innumerable * number dimmuhed by unity gives 
the highest ‘ nearly innumorablo ’ number Which is the lowest ‘ truly innumer- 
able ? The lowest ‘ truly innumoiablo * is obtained by multiplying tho lowest 
‘ nearly innumotable ’ numboi by itself , or by adding unity to the highest 
‘ nearly mnnmorablo ’ numboi This number is also equivalent to Avail After 
that are the intermediate numbers until tho highest ‘ truly innumerable ’ number 
is re ache 1 Winch ta tho highest ‘ truly innumerable * number? It is tho lowest 

‘ truly lanumerab e ’ number multiplied by the Aoalt and then diminished by 
unity ; or the lowest * lunnmorably iimumerablo ’ number decreased by unity 
Which IS the lowest innumerably innurneiablo number? It is the lowest ‘truly 
innumerable ’ multiplied by Aoalo or the higliosb ‘ truly innumerable ’ number 
increased by unity After that are tho intermodiafeo number until the highest 
* innumerably innumorablo ’ number is reached Which is tho highest ‘inuumerably 
innumerable ’ number? It la the lowest ‘ innumorably innumerable * number 
muUiphed by itself and then diminished by unity, or the lowest ‘ nearly infinite ’ 
number diminished by unity Which is tho lowest ‘nearly infinite ’numbei? 
The lowest ‘ innumerably innumorablo ’ numboi multiplied by itsolf or tho highest 
‘ innumerably mnumerablo ’ inoroasod by unity After that arc the intermediate 
numbers until the highest ‘nearly infinite ’ isroaihod Which is the highest 
‘ nearly infinite ’ number? The lowest * nearly infinite ’ number multiplied by 
itself and the product deoroasod by unity , or the lowest ‘ truly infinite ’ decreased 
by unity. Which is the lowest ‘ truly infinite ’ number? The lowest ‘ nearly 
infinite number ’ multiplied by itself, or the highest ‘ nearly infinite * increased 
by Unity It is also called tlio Abhaoasiddhi Aftei that are the mtermodiates 
until the highest ‘ truly mfiiute ’ is obtained. Which is the highest ‘ truly 
infinite ’ number? The lowest ‘ truly infinite ’ number multiplied by the 
Abhavastddhi and diminished by unity or the lowest ‘ infinitely infinite ’ namber 
diminished by unity Which is the lowest ‘ infinitely infinite * number ? It 
is the lowest ‘ truly infinite ’ number multiplied by the AhkavOfSiddfn number, 
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or the highest ‘ traly infinite ’ added by anity. After that are intermediate 
numbers I Such are the numbers of calculation ” 

It Will be easily leeognised that the above classification can 
be repiesented bj the following senes 

2...N 1 (N + lj {(N + l)2^1} I (N + l)2 ..{(N + l)^-!} | 

{(N + 1)S~1} I (N + l)8 {(N+l)i^-l}| 

(N + l)i^ + I (N + l)d2 

where N denotes the hightest numerable numbei as defined before. 
The series contains as recoided m the work the extreme numbers 
of each class and the different classes have been separated by a 
veitieal line 

It will be noticed that in the classification of numbers stated 
above there is an attempt to define numbeis beyond Alef-zero, The 
theory of such numbers was fully developed by George Cantoi in 
laSS. The fact that an attempt was made m India to define such 
numbeis as early as the first century befoie the Christian eia^ speaks 
highly of the speculative faculties of the ancient Jama mathe- 
maticians 

In anothei canonical wotk we find the following interesting classi- 
fication of infinity {ananta) ^ 

“Know that infinity is of five kinds, such as infinite in one direction, infinite 
in two directions, infinite in superficial expanse, infinite in all expanse, infinite m 
eternity 

Certain tecAmcal terms 

We find certain interesting geometrical terms m the Jama 
literature. It is said that the modern geometrical term ^^semi- 
diameter was employed first by Boetius (o 510 A, D).^ It was 
unknown m the Greek Geometry. This term is found m the 
writings of Umisvati who calls it v^asardha^ ov vi§kambhardka,^ 
Still earlier in the Apastamba SMa-siltra (c 800 B C.)®, we have 
the term ardha-vpayma Eveiy one of these terms literally means 
the semi-diameter ” 

^ SthaMnga sutra, Sutra 462 — 

® Smith, History, II, pp 274-6 
^ Jamhudv'lpasamasa ot Umasvati, iv 
^ fattvarthadhigama sMra-hhdsya^ iv 14. 


® yii i; 
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The term 'jtvci foi the chord of a sesjment of a eiiele and 
dkautijjTst/ia for its arc occui in seveial early canonical woiks But 
we miss m them the term sam for the aiiow. 

In the Surya-pra]fta,2Jh (c 500 B C.) ^ occur the terms sama-^ 
oaf*ur€israj vtsamacaturasra^ samaeatitskonay visamacaiuskoTia, sama-^ 
calxi cti^aldy vi^cimacakravala, cakiaidhacahvavald and cJiairdhara 
According to Weber they mean respectively ‘^even squaie 
(grades quadrat), ‘^oblique squaie^’ (sehiefes quadrat), even 
parallelogiam/^ oblique paiallelogram,’^ cucle,’^^^ ellipse semi- 
circle ’** and segment of a sphere 

In the BJiagahaiUUia ^ we find the gcometiical figures irt/asra 
tiiaugle catmasm (‘^quadiilateial af/ala rectangle ”) 
vrii€g. circle ”) and i^mimandala (“ellipse’^) Each of these is 
again classified into two kinds p)ataTa plane and ghana 
solid So that denotes a tuangular pyi amid 

ffkancc catnrasra a cube, ghanaf/ata a leetangulai paiallelopiped, 
gJiancb vTttct a sphere and ghana an elliptic cylindei. 

Reference to these figuies occuis in othei Jama canonical woiks 
also.^ 

The ciicular [annnliis is called va.laf/a~vTtta Similarly the 
the triangular and quadrangular anulii aio lespeetively called valat/a- 
ir^asra and valai/a-^caiuraHra, 

’We find three units of measurement in terms of nngula ( fingei 
breadth ’') snoyangula needle-hke fingci putlafungula plane 
fingei' and ghanmgula ( solid finger It is stated furthei 
that the sncyangula is lineai and one-dimensional j Bucyangtda 
multiplied by sucyangnla gives pi afaia'tignlo, and fnatarangula 
multiplied by sucyangtila becomes gJmmngida,^'^^ Hence those 
terms define respectively the units of linear, superficial and solid 
measure. 

There is a very interesting passage m the Anuyoagdmm-suira^^ 
which describes how the representative number giving the measuie 

^ Siitra 19, 25, lOO 

® Weber, Indtsche Siiidten^ X, p 274 

^ Bhagahati-sutra, Sfibra 724-726 

^ 'B'ot mBtmce Jamludvipa~pra]flapU, Jh&bhtgarna suira^ Anuyogadvara^sutra, 
Sutra 144, 123 

® Amyogadvdra-sutra^ Sufcra 100, 132, 133 It occurs m other canonical 
works also. 

® Sutra 132. 
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of a ceitam quantity of things difEeis with the change of the unit 
of measurement. It is said that if the measure of a certain quantity 
of (liquid) substance be given by the numbei 356 when measured 
with a particular kind of unit, it will be given by 128, if measuied 
with a unit twice as laige If the unit of measurement be foui-times 
the first one, the measure of the quantity will be 64, It is also 
stated that by increasing the units, the measure can be said to be 
32, 16, 8, 4, 2, or 1 

Some of the terms connected with the series in pi egression 
such as adt for the first term, ffaccha for the number of terms, ntiara 
for the common difference and gamta foi the sum of the series 
which are commonly found in later Hindu treatises on mathematics 
can be traced to the early Jama canonical works Another interest- 
ing teim which can be similaily traced back is i It denotes 
unity also ‘ an integer,'” in the later tieatises on arithmetic but 
in treatises on algebra it has an entirely different significance as the 
» absolute ” or “ known ” term in an equation It occurs also in 
the BakhshftH mathematics ^ 

Arrangement of shots 

In the Bhagabatl-sutraf occurs an enumeration of the mini- 
mum number of shots ( pradesd, literally meaning “ spot ” , the 
commentator interprets it as meaning » globule ”) which can be 
arranged to have a certain geometrical foim. Distinction has been 
drawn between even and odd number of shots. The result is given 
here m a tabular form — 


Geometrical form* 

Minimum number 

Minimum number 

of odd shots 

of even shots 

Circle 

Sphere 

5 

7 

12 

32 

6 

4 

Triangle 

3 

Triangular pyramid 

35 

Square 

9 

A. 

Cube 

27 

8 

Ltine 

3 

Bectangle 

15 

2 

A 

Parallelepiped 

45 

D 

12 


» AnuyogadvSra sutra, Sutra 140 It occurs also in the Jivaihigama-sutra 
* Bibhutibhusan Datta, “ The Bakhsb&lS Mathematics ” Bull Cal Math 
3oe , 'Vol XXI, 1929, No 1, pp i.-60 See particularly pp. 21-23. 

= XXV 3 (8. 726, 727) 
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No dibtiaction oi odd and oven has been made m the number 
of shots that can be aiian^ed in the form of an ellipse (joanmandala) 
The minimum numbei is 20 and for the ellijitic eyluidei the minimum 
number is 40, a iinj::^ of 20 placed upon a iing of 20 

The commentator obseives m this connection ^ 

This shows that the oiiginal author is 
awaie of the propeity of the ellipse that it is symmetrical about its 
either axis He has described the ellipse as a circle of the shape 
of a bailey coin {^avamadli^avrtta ) ^ 


J iinong formula. 

We should conclude thiib impeifeet sketch ot the Jama School 
of mathematics by diawini^ attention to a ceitaui inaccuiate lesult 
which has peisisted among the Jamas even aftot more accuiate 
results weie discovered in India by seliolais piofessing diffeient 
faiths The area of a segment of a eiicle is taken as 

chord X X ^/T0 

A 

This IS found in the Oantta-Baia-samgmJia ^ of Mahavira (850) and 
LagJiu K^etia samana ^ of llatnesvaia Sun (1440) This formula 
IS not coirect and has pi obably been obtained by analogy from the 
lule for the aiea of a semi-circle, 

diameter x — x n 
A 


Bull CaL Math Soe-, Vol. XXI, No 2, 1920 


* BhagabatisTdra^ Sutra 725 
^ VII 70i 
« Eule 191, 




The inauguration ov thio IIi'Inrl roiNCAHU 
INSTITUTE IN PaIUS 

On Novembei, 1928, was foimally inaugiuated a now Institute 
in Pans. It was both the official opening o£ a new building and the 
beginning; of new courses of lectmes, all to bo a pait of the haeulty 

of Sciences of the Univeisity of Pans. 

The building is now ready but the internal arrangement and 
furnishing will not be leady befoie some time It was however 
consideied a good thing to hold the ccioinony in the building in oidei 
to attract public attention on the opening of the Icctiiios and on the 
foundation of the Institute 

It was desired to expiess the giatitiide of the University of Pans 
towards those who had provided the noeessaiy moaiiH The history of 
this Institute IS biief It had been noted by the Intel national Edu- 
cation Boaid that several oppoitunities had led them to give very largo 
sums of money to different universities in Europe and that gifts to 
French ones had been on a iniieli smaller scale Noting the impoitaiiee 
of the French Mathematical School, it was thought that helping 
mathematics in France was perhaps one of the best ways of helping 
science all o^fei the world. 

The decision was taken after eousullations, whore Professor 
Trowbridge as repiosenting at that time in Pans the Interiietional 
Education Boaid and Piofossor BiiUioff as a gioat mathematician, 
took decisive parts 

It was decided to ask Professor Emile Borol to draw ui> a plan. 
The plan, which was apjnoved, creates under the name of “ Institut 
Henii Poincaic ” a centre widely opened to teaching and researches 
concerning Mathematical Physics and Calculus of Probabilities 

The new teaching positions have been given to three men. 

The eouises on “ Physical Theories ” will be delivered by Piofossor 
L6on Brillouin and M Louis do Broglie (to be distinguished from 
physicists of the same names, both members of the “ Aead^mie des 
Sciences ”)• Professor Leon Biillourn has made hiiuaelf known by his 
deepieseaiches on the theoiy of ipianta and its applications jand he was 
called last year to expound them in several iiniveisities of the United 
States and Canada. J)r Ijouis de Broglie is the creator of these Wave 
Mechanics which, boin yesterday, play a leading part in Mathematical 
Physios and was the source of many works ronovatrng their aspects. 

Those who are interested in theoretical Physics will find m Parrs 
tbat, if this IS a very important addition, there were already (existing) 

_ , -1 ' ill— iT'*'' 


( ^ ) 


courses on this subject among which those of Piofessor Bulloum and 
Professor Langevm at the Coll%e de France, Professor Eugene Bloch 
and Professor Villat at the Sorbonne, 

As to Calculus of Probability, it had already its great exponent at 
the Soibonne in Piofessor Emile Boiel His researches on this 
subject and his peisonal action have done much to revive m France 
the interest in this science which owes so much to French scientists 
such as Pascal, Fermat, Laplace, Poisson, Bienayme, Cauchy, Coursot, 
Bertrand, Henri Pomcaie 

To Prosessor BoiePs course will now be added a new course by 
Maurice Frechet, formely Professor at the I) niveisity of Strasbouig 
His theory of abstract spaces and functions has already made him 
known m America where he was called to expound it at the Univer- 
sity of Chicago in 1924 sumnaei quarter But he has, of late, 
devoted much attention to the Theory of Piobability on which he 
published (in collaboration with Professor Halbwachs) Le calcul 
des probability h. la porty de tons 

Let us also recall that the applications of probabilities to social 
sciences are taught in the already existing Institut de Statistique ’’ 
of the University of Pans 

But the action of the Henri Poincare Institute will not be con- 
fined to the new courses It aims at being international m scope 
The attendance at these courses is veiy cosmopolitan indeed* But 
the Institute will also have an international staff of lecturers. In 
addition to the standing couises, single lectures or brief senes of 
lectures will be given by distinguished scientists. Professors Vito 
Volterra of Rome and de Donder of Bruxelles have already promised 
their co-operation, other engagements will soon be published* 

Finally, as the ever increasing numbers of lectuiers and students 
at the Sorbonne called for new measures, it was decided to seize upon 
the opportunity and to erect a new building wheie not only the new 
courses hut all the advanced eouises on mathematics will be given and 
where the mathematical library will be housed The International 
Education Board is to contribute one bundled thousand dollais to these 
expenses Baion Edmond de Rothschild contributed also twenty five 
thousand dollais and the French Ministry for Education 300000 fiancs. 

It is to be hoped that among those students and seholais who 
would like to complete in Europe then scientific education or to go 
on with their researches, some will remember that, thanks chiefly to 
American generosity, a great scientific internatiqnal centre for Mathe- 
matical Physics and Calculus of Probabilitv has been created in 
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On a Generalisation of Legendre Polynomials 

BY 

Nripbndranath Ghosh 
{Calcutta University) 

1 The wellknown Eodngue’s formula for P« (») led Appell* to 
consider polynomials of the type 




These polynomials are peculiar in this sense that they satisfy a 
differential equation of the third oidei 

z{l-x*)y"' + 2 (l-3x<‘)y" 

+ 3(ra— 1) (ji+2)a:y' + 2» (n+1) (» + 2)y=0 ... (2) 


The object of the present paper is to study a more general class of 
functions defined by the expression 


X -_£1 

dx” * 



^ (3) 


where /i, v are arbitrary constants 

The above evidently includes Legendre polynomials, for we have 


The polynomials (1) follow from (3) on putting /x— 2?i, v=sn 
* 4.rc%%p dir Math und Phys ^ 3rd Senes, pp 69-71, 


2 The following recurrence formulae hold foi the tunotions X. 
defined in (3). 




( 5 ) 

. ( 6 ) 
(• 7 ) 


T proceed now to obtain the differential equation satisfied by 
X and for this purpose I shall use the above recurrence formulae 


From (6) 




— (/a+v+2) 2,f*,v] by (6) 

(7 ) therefore gives 

.. +(n-l) (/*+>'+2— ») ••• 


Applying (6) in (8) we get 

a 

+ ((x+v+2- 2w)a! !,»' ] 


+ (7i-l) (/1 + V+2-W) Ja!X„_2,^_j,, +(«-2) 
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Ou oliaiiging {x into /x + 1 and n into ^+3, tlie above becomes 

a: (1— ®'‘)^ „ + 3 ,^,v+ |^(M-/^+v+2) + (/i,+i'-3n-6;a!* 

+ („+2) +(h + 1) (« + 2) ( a ^+ v -«)\„^„_^=0 

Hence \ satieties the ditferential equation 

X {l-x')y"' + ^a+2-(b+6)x2 ji;" 

+ (m+ 2) (3»-2b-3) xij'+{.n+l) (n + 2) i2n.-b)y=0, . . (9) 

where a=ri--/x+v, 

6=3^— /X— V 

Jutting /i=2». v=w, (2) follows from (9) 

If /I and V be equal then ^8) shows that satishea the diffeien- 

tial equation of the second order 

(L-x’‘)y"+2x(/A-w-l)2/'+(»»+l) (2 /i-»)2/=0 ... (10) 

whence Legendre equation follows on putting /i.=a 
3. It IS easy to see that X form 

jU— 2n y ^ v*' ^ C 

® (I-») ^Pn.O +l'n.X ®“+V2, “= + 

■■■ m> 

where the p’s are rational integral functions of /i, v 

X gives therefore a polynomial of degree n in x* on being multi 
n ju,v ® 

plied by 


3n— ][ 


n— -V 
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Thi§ reminds ns of tlie biorthogonal polynomial oi ^/tJi degiee 
in aj^ defined by 



where a>0, X>-- 1, jM,> — 1 and 2 ^= a positive integei 
Let us denote our polynomial 


Qn— Mi 




X a particulai case of TJ by L 


then from (5) we have 
* 


By means of this formula we can calculate these polynomials suc- 
cessively The following formula, however, supplies a more con- 
venient method 

Let us write 


Then - =Xn a. 1 

whence 

X (1 X -- + 

i^Tow, expressing respectively in the forms 

Pn.0 + Pn,l^' •+Pn,r«^^‘’+ •• +Ph,^ 

"*"Pn + l,l ®*”*’Pn + l,2 ■^Pn + l,r 


+ Pn + 


l,n + l ‘ 


«a »+ 9 


* See Angeleaoo— “On certain bxorthogonal polynomials, “ 0 B 176, (1928), pp 
1631-1683 
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and by applying (13) -we get 

Pn^-l.r ( 14 ^ 

where, as before, 

a=n— /x+J', 

5=3?i-— /X— V 

4 To obtain the difEerential equation satisfied by 

^ — 2n, y—n 

in 1,9;, 

The transformed equation then becomes 

»»(l-a!“)* z"'+ I »(1-^*)“(A+Bii»)a" 

+ «(l-x“)(C+Da!»+B,c*)f/+a)’‘(JP + Gis“+H^*)2=0 . (15) 

where A=a+2+3gi,o 
B=3f.„ -b-6, 

C=3j„o + 2(a+2)g 

1 lO> 

D=3g,, 1 +2(0+2)21, i—2(6+6)gi,o + (»+2)(3» -3—26), 
E=3g,„-2(6+6)2i,i-(«+2)(3n-3-26), 

F=2..i + (o+2)2„i-(6+6)2.,o + (w+2)(3w-3-26)q„„ 

+ (» + l)(w+2)(2?i— 6), 

G=9a.a— (&+6)2,„ + (o+2)2a„ 

+ («+2)(3n— 3— 26)(2 i,i— g,,o)— 2(n+l)(re+2)(.2M— 6), 
H=gg,s— (6+6)g,,a— (n+2 (3»i— 3— 26)g,„ 


+ (w+‘l)(w+2)(2»— 6 ). 
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lu the above q„„ la the oo-effioient ol lu the polynomial 
T 

By (14) we have 

5m+i,v =(2r-OT-a)g„„-(2»--2-3rn.-b)g„„_i . (16) 

whence 5 1,0 = — 9i»i— ®> 

‘?a.o=«(® + lb ?a.i=(l~“)?i.i + (3 + ^)'3i.o <it,u = b(f> + l), 

qj,i= a.i + (f>"h®)93>oi Qs»a ~ (2 “)9s)a + (6 + l)<Ja,i> 

‘ 3 ..a =(6 + 2 )q„. 

6 In (15) let us put 

e=P„,0+Pn,l »’+ •‘+Pn,r »*’'+. ..+p„n x“”, 
then equating the co-eflGlcient of i, *■■■*■* to zero we obtain the relation 

a,jp,,r4l+^r P«,r+yrl’.,r-l+SrP„ ,.,=0 , .. (17) 

where o,=2(i +1) C+2(r+l)(2r+l)A+4r(»-+l)(2» +1), 

/3, =F+2»'(D-C) +2r(2r-l)(B -2A)-6» (2r-l )(2» -2), 
y,=G+2(r-l)(E-D) + 2(r-l)(2r-3)(A-2B) 

+6(r— I)(2r— 3) (2r— 4), 

8,=H-2(r-2)E+2(r-2)(2i'-5)B-2(i-2)(2r-5)(2r-6). 
Putting r=n+2 ih (17) we get 

^* + a P»,n=0. 

Thus H, E, B satisfy the relation 

H-2w B + 2«(2«-l)B-2^^(2n-l)(2^^-2)=0 .. (18) 

By means of (17) we can successively calculate the p’s in L,j ^ j, 
starting from the value of p,„, which is known from (14) to be 

(—1)" (r— p)(v— p+l)(v— p+2).n'-(v— 1) 
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The calculation may also be staxted from the end, for we have from (14) 

P»,n = (-1)'' (/x+v)(/x4*r— l)(/A + v— 2) .. (/x + v— ti + 1) 

In the case of Appell’s polynomials (1) the relation (17) is much 
simpler 

6 We give below a iecic7Yence formula fo7 AppolVs polynomtaU 
Let us denote the jz-th polynomial 

^n,aH,n orLnjimn bynIA„, 


then from (5) we have 


I.! (A.''„+i-A",)_— 3X^^2,2(n + l),n 


(19) 


Now from (6y 

^n + 2, 2(n + l),H “*^ + 2 2n + l, + 2n4l, n 

=nl{*»A". + 2(n+2)ieA', + («+l)(n+2)A.} 


(19) therefore gives 

A».+, = (l-3a:‘)A".-6(«+2)a: A', -3(n +!)(« + 2) A., . (20) 


whioh in oomhination with the differential equation (2) yields many 
other recurrence formulae * 

Similarly for Legendre polynomials we may deduce the relation 

P'.=*F._,+»P.-i ... (21) 


by means of the general formulae (5)-(7) 


^ E,g , (i) 6*« a-**) A''„ = 3n® A'.+, +2(n + l)(n + 2) A.+, 

-6 (n + 2) a!(l-2»«) A'.-2(n + l)(n + 2)a-3*»)A., 
(n) 3(n + l) ® A'„+, + 2fn + 2)(n + S) A.+,-8* {(8» + 6)-(7n + 12)!r>} A'.^, 
-4(n + 2)*(l-8a!'‘) A,^,i + 6(n + 2)a5(l + x*) A', +2(» + l)(n + 2)(1 + 8®“) A,-0, 
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7. The differential equation (9) possesses three independent parti- 
cular integrals, one of which is ^ ^ when n is lestrioted to a positive 

integer The nature of the other two solutions has been studied by 
Humbert* m connection with the differential equation (2) which is 
only a particular case of (9). 

My best thanks are due to Prof Ganesh Prasad for constant en- 
couragement 

‘‘Sur lea equation de Didon,** AnnaZc®, 4(th senes, Vol XIX, pp 

43-461 


Bulk Cal, Math. Soc , Vol XXI, No. 3 and 4 (1929) 
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On Some G-bnbralisations of Jensen’s Inequality. 

By 

Pramatha Nath Mitra. 

{University of Calcutta ) 

{Read, Decemher 29, 1928,) 

1. The object o£ the present paper is to generalise Jensen’s inequa- 
lity so as to include m it any number of sets of positive numbers 
a , b , c , etc Jensen has treated with only one set of positive num- 

v ’ I/’ 

bers His inequality in its classical form is 

(1) 

or 

(2) /i 2 I ^ ^ I i I a® I ^ ^or p<q 

I » 1 J i, n I J 

■where >0, and jp and q are positive numbers 

My first generalisation is that expressed by Theorem I below and is 
deduced from Jensen’s inequality (1) by the application of the Caucliy- 
EEolder inequality * In that theorem T have treated with two sets oL 
positive numbers a^, under a further condition, vi^ , p d 

From Jensen’s inequality (1) we can deduce 

l3) [ 2 af hi; I ^ ^ I S a'i ] { S 6? for p>q, 


but I deduce in Theoiem I that 

1 


(4) 


{5 ar}*" {I !.;•}' 


where |)>g and p-' +g-‘ =1, jp and g being positive numbers 

* Q HAlder, Uaber emea Mittelwertsatz {NctohrtoMen Oes Wtss. OSUitigen, 
1889, pp 38-47) 

a 
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(4) follows immediately from (3) only if p>g», but I do not 
impose any such limitation on p and so that p may or may not be 
greater than 

In § 1, I give five theorems dealing with the generalisations of (1), 
the first theorem being the above-mentioned one and the other theorems 
being further generalisations of Theorem I § 2 is devoted to the 

consideration of an important generalisation of Theorem I Cooper’' has 

given a generalisation of (1) m the form 

(5) {S ) } 

where and ^x) are monotone (in the same sense), continuous, 
unbounded functions of x inaj^O and ^ (t)y$(aj) increases continuously* 
My Theorem VI deals with two sets of numbers and , and includes 

(5) as a particular case, § 3 contains generalisations of Jensen’s in- 
equality (2) analogous to those treated in § 1 § 4 and § 5 are devoted 

to the applications of previous results to positive integrable functions 
within definite ranges of integration 

In what follows, all the quantities , 6^, c^, etc, p and q, and 

all the functions considered, are taken to be positive 

Where no confusion is apprehended, we write S to denote I 

1 

It IS believed that the results of this paper are new 

I take this opportunity to express my best thanks to Dr Ganeah 
Piasad foi the kind interest he took in the couise of the pieparation of 
this paper 


§ L 

2 Theorem I If and by denote two sets of numbers such that 
^^5 by >0 for v=5l, 2, 3.,, n, then will 


p %.V ) P ^ 


( 11 ) 

where p>q =1 


* E Oooper--‘‘ Notes on certain inequalities,” Journal of the London Maih$ 
mattoal Society, 2 (1927) pp 169-163, 
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Proof 

We have by Jensen’s inequality (1) 

{ioUl } 's(s bi }« 

s [ { s («J { Sftl )«] ^ ] « 

(by Caucby-Holder inequality) 

s[ 56;'}’“' 

(II) Snf 5 

by Jensen’s inequality (1) 

Remark— As has been noticed m Art 1, in this result p need not 
be greater than q'\ it is sufficient if p bo greater than g with the 
condition newly imposed, viz , = 1 

Illustrations— 

5 5 25 

Takep = -^ ,theng = -^ and = so that p is not greater than g 

M t7 y 

and as such Jensen’s inequality is not applicable, but my generalisation * 
IS, 

Similarly taking jp = ^ ^ , etc , it is easily seen that m all 

O 4b 0 i 

such oases p is not greater than g The cases in which p is greater 
than or equal to g^ are, as already stated, easily deducibl© from (1). 

3 The result of the above theorem is easily extended to any number 
of sets m the following theorem. 

Theorem II. J/ a^, 6^, c^, , .hy denote m sets of positive numbers^ 

then will 

1 

C ^ V J P jP 7 V 

^ 2 a, Cy . j 


Theorem I also holds for fche generalised condition + (1“^ S: 1 
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where p >3 and p"' + g“'> =1 

Proof. 

We have 



(by Cauohy-Holder inequality) 


(1^4) I Sbf of ... 


[by Jensen s inequality (1)] 


SOME GBNBBALISAriOlsrS OP JBNSBN’S INEQUALITY 


159 


Again by repeated applications of Caucliy Holdoi and Jensen’s 
1 4) ve get, 

••• •* • 

... 

{ <?"{?" I A«-l I qHM 1 

S ^ ^ -j S r ^ 

we hare (1 2) less than (1 3) 

The result (1 2) admits of being put in a still more symmotiic form 
hy the above argument, which is, 

(15) f «rf 



inequalities m 
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4 Next, let US consider the summations of two or more sets of 
composite numbers, each term in a set being composed of two or more 
factors The most fundamental theorem of this type can be expressed 
thus — 

Theorem III, If and denote four sets of jposihve 

numbers for r=l, 2, 3, , n, then will 

{< 


for p^q and +^"•^ = 1 

Proof 

{< 


: ^ 3 ( dv ) ^ 


( 16 ) 


(by Minkowski's inequality) 




by Theorem I 

5 In the above theorem, I have dealt with only four sets of 
positive numbers in two composite sets This result can, however, be 
extended to any number of sets Bach terra in the above, is composed 
of two numbers and the summation of two such composite sets has been 
considered Each term however, may be composed of any number of 
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factors, and tli© siininiatioii bo coiisidorcd of m siicb composite sets 
In the following theorems, I will fiist piove it foi m sets with two 
factors, and then generalise the lesnlt foi m sets with k factors 

For the first case, let us considei the sum 


2 ^ cij,hy + to m such terms) 

which can be put conveniently m a more symmetrical : 


^-1 M=i 


Then we will have to considei the sum 


{i.( 




and this is easily seen to be 


a . ni 

2 ( S 

\ U«1 


^ILLV ^fXV 


m V 1 

which again < 3 / 2 \p 

M-ll .-1 


(by Minkowski’s inequality ; 


r , n ,.l ^ n 


by Theorem I 


Thus we get 


Theoukm IV 1/ SO, >0 fo7 ix=l, 2, 3 
>'=1, 2, 3 n, then wM 


m and 


r n y m . ^ ; 
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5\1 / “ fl\l^ 

^ )•■ (i. '’J')’'} 

where anc? +g”' =1 

6. In general, let ns consider the feum where each term is composed 
of k factors and thus of the form 

^ixv ^fiv • • • or Jla^j; 

The corresponding theorem can be enunciated thus — 

Theorem V, If he each > 0, 

then will 


f n . m \*1 m r n 

wlaere p^q and 

The proof is very simple and follows immediately from Theorem 
II with the help of Minkowski’s inequality on the lines of Theorems III 
and IV The result (1 8) corresponds to (1 3), those corresponding to 
(1 2) and (1 5) can also be similarly deduced 


§ 2 

7 In this section, I proceed to prove an important generalisation of 
the Theorem I Cooper’s generalisation (5) of Jensen’s inequality (1) 
follows from the following theorem as a particulai case with one set 
of positive numbers It can be stated thus — 


Theorem VI If ^(a?) and ^(a;) 
increasing functions w OJ >0 and 


be two monotone^ continuous and 
continuously increases^ then will 


(21) ^Hhy)} 


Proof 

Since increases continuously we have ^(x) v) 


Put ^(a5)s/c(aj) ^(x) 
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Then since $( r) is an increasing function of x, we have 

^i.% S «> (u, ) 

•• a, b^ 6, )} 

Hence 2 6^ ) s2 b^ ) K{a^ b^ ) 

^ S^K K ) 6, )}] 

«'[$->{2 4 >(ay \ )}] 

^ ) 4E,[$-ip^a;5^ )}] 

^ {2 )} 

(2 2) .. ^-42 '^(a, )} ^ K )} 

^-l--42 <&(ay ) Hby )} 

^$-i[$-i{2 $4a, )} lI'-42 )}] 

(by Cooper’s generalisation ol Holder’s inequality*) 

(21) :S <&-4S )} )} 

Cooper’s resultf (5) is easily deduced from (2 2) In the result (2 1) 
the functions and 4' are modified by the restiiotions laid down by 
Cooper and Hardy, namely that either 

^{x)=x<l>{x), 'i!{x)=xf{x), 

or 

^x)~U{t)dt, ^(x)=:Jll/{t)dt , 

0 0 

<j>(x) and ij/{x) being continuous increasing functions of x, differen- 
tiable everywhere, which vanish with x and are inverse to one another, 
so that (f) and ij/ arc of the form Ax“ 

* R Cooper— Note on Oauchy-HClder inequality, Proc London Math Soe 26 
(1927), 416 482 

—Note on Cauohy-H81der inequality. Jour London Math Soc , 3 
(1928), 8 9 

G H Hardy— Eetnarks on three recent notes in the Journal, Jour London 
Math. Soc , 3 (1928), 166-169 
Francis and Littlewood— Bsccmples jn Infinite Senes, 
f See p 2 
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§ 3 

H. lu the forogoiUK pages I have considered generalisations of 
JenHou H .nociuality the form (1). Now I propose to give similar 
K.moral.Hat.onH from tho form (2) The results are similarly deduced. 
I ho theorem corresponding to the Theorem I can be stated thus • 

Theokkm VII. If ay ^0, hy ^0 denote two sets of positive 

numhntM, then will 

Cl, 

whmc 5 p <3 and 

Proof, 

I 1 

w» [ is s; j " s I is 4 6? J 

(by Cauoby-Hblder inequality) 

(31) {Is if}’-’ 

(M) 

It if? io bo obnorved in ihi$t connection that unlike the previous oases 
in ihiB theorem as also in what follows p m not greater but less than q 

i) Next lot UB generalise the above to include any number of sets 
Tho roBults aro slightly different from those of tho previous case^ and 
from what has been shewn before these appear evident. 
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Theorem VIII If ^0, by ^0, Cy >0, •, ^0 donate 

m sets of positive numbers, then mil 


(3 3 ) 


]' 

4 


(3 4 ) 


whe'^e p<q, awdJ j? +3‘"^ = 1 

Proof 

] 

( Is-: bi ./.ki V 

£ jl u S 

^ j c ^ 


whe7e p<q, awdJ j? +2‘"^ = 1 


jf-r .it' ■> ’■ 


} 

[by (31)] 

by Oaucby-Holder and Jensen^s inequalities 

Proceeding witli repeated operations of the above inequalities we 
have ultimately the above 

(S8, .. (i 


( 34 ) 


{U€y: 

by (8-2) 
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It IS also easily seen that (3 3) is 


(3-5) 



2 ^ 

w 




9 = 






} 


gW+i 


(3 6) J i i 

10 As in cases of Theorems III-V, the results of the Theorems 
VTI and VIII admit of being applied to composite sets of terms The 
lines of proof are based on similar lines and it will suffice to formulate 
the theorems only, I shall prove for the case where each term is com 
posed of m factors and summation of r such composite sets are dealt 
with 


Theorem IX If ^ and denote four setb of positive 

numbers^ then will 




(3-7) j 

1 N 

^ A ay 

• n 

r-{ 

is6> 

n \ 





(3 8) 

' 1 ^ 

^ ^ Ofp 

n 

^ * «< 

r-{ 







where 


and +g"'^=sl. 
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Theokem X If cijuy>0t hfj^p>0 for /^=1, 2, 3, 
and V— Ij 2, 3,#«#'i^2'j then will 




(8 9) 



1 1^ 

(310) 

S 2 6«”V” 


where ^<,<1 + 

The proofs of these theorems are easily deduced 

Theorem XI If a^p , hyp , Cyp . .. hyp be each > 0 for v=l, 2, 
andp=l,2,B, ..r, then mil 

r Cl n 9"') 9^ (■ 1 " lS” ) 9* f 1 %k^ \ 

1 

(312) s < ) I 

wheie’pKq and p~^ +q~'^ = l’ 

Proof. We have 


1 

1> IP 




(by Minkowski’s inequality) 
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hj (3 6) 


lloHulta corrosponcliTifi; to tho forms (3 3) and (3 4) can be easily 

(led need 

ThoBc^ are Uio moat gonouil loims ol tho nioqtiahtios consideied in 
this jeciion and includo the Thcoroms VIl-X aa particular cases 


§ 4 

Applications to Definite Integrals 

12* Tho roHt of tho paper ih devoted to the applications of the results 
of tlie iorof^ouig thooroms to positive nitogiablo functions within 
defmito rangoH of integration. 

Firstly lot us eonsulor tho rosults oi § 1, and boo if they admit of 
being applied mtograhlo (unctions Those corresponding to § 3 
will bn oonsidored m § 5 

Tho theorem (jorrcsponding to Thooroin i can bo enunciated as 
follows, and lot us soo if i.hn rosult holds in tho case of positive inte- 
grablo fiinotions. 


Tiiboekm XII if f{,)r^ and (jix} be two positive inlegtable func- 
turns in Xi ^ X then will 


(1 1 ) 


u 





1 

p 




I 


wh$re p > f md +g‘"^!=sl 
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Proof 

Pnt/^ (a)=/(a!i+v/t) 
and (x)=9'(*i+v7i.) 

where i^= — — 

n 

Then we have 

ajg 5^ 


(i/=l, 2, 3 w) 


Lt 

Ji— >0 



91 


f 


i 1 ^ 

{ S 1) 

k — >0 J K J 

^ Lt . (/ 

?l— >0 V 

Now (4 1) will hold if 
1 ^ 

Lt ^ can he shown to be equal to 1 or some positive proper 
>0 2 
fraction But as Ji is an infinitesimal, — — — must be>0 This com- 

P Q 

bined with the two given relations between jp and g, gives p’=g=2 
Thus we get as a patioular case, 

(4 2) ^ y [/(%(*)] 

i 


•^a — , 

[J[g(^)yd,y 


where jp = g = 2, 

Thus we see that the result (1 1) does not hold good generally in the 
case of integrable functions This is also evident from the fact that 
there 18 , no simple ineq,uality for integrals corresponding to Jensen’s 
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inequality (1) With the help of Jensen’s inequality (2) howevei, we 
can deduce an inequality in integrals analogous in form to (1) but 
opposite in sense and further, the range of integration is limited 
to (0, 1). 

For we have 


1 

Lt by (2), 

n— >oeC« ) 

where ^<.q 
1 1 


which can he 

Thus we have 
(4 3) 


{Ua-irJP 3 I f dx"^^ , 


^2 

^ ^ only m the range (0, 1) 

a?! 

i 11 1 

{ / [/(«■)/ <^« ]p [f(x)fdx j q 


where p<q. 


13 Now let US see if with this modification, analogous results can 
be obtained. 

1 

Consider the integral / Uio>)9(?>)f dx (p>l) 

0 

By the application of Cauohy-Hfllder inequality, we have 

(O n ^ ^ 


where p-i+g-'srl 
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Hence 

0 0 0 

L I 

y\g{')f<hY , by(4 3) 


where p<q* 


Thus we get 

Thiorem XIII, IJf(f) o,nd g(x) be two positive zutecpable functions 
in then will 

(4 4) U\n<)g{<c)f 

^ 0 

, ^0 ^ 0 ^ 
wh^re p<q and +9”"^ =1 

14 As in previous cases, the above result can easily be extended to 
any number of integrahle functions, but as regards the indices the 
results will correspond to the results of § 3 



Theorem XIV I//(‘0’ ^(^)> 6 (i) and k{{) be any positive 

integrahle functions m in number^ in the interval 0;^ ^ then will 





(4 5) 



ifO)f'd,' 
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('i 6) ^ I ^ / W' 

• [flH')fdxy 


where, as be j ore, f<.q and p” * + 5” ^ = 1 


'Pntg{v)^(i) .../c(f)=A(e) 


[/[/(^). 9(0 H«>)YdxY 

= ^ J [/(*) 


I f Lfi * -[ j by (4 4) 


I / [/(® ] j-** I _/ [?{*) 


L 


[where A(ar)=gf( /)B^ r )] 


] 


(by Oauchy-Heider inequality) 


{ fm^)fdrj j ^ f [B(i,)]3”d,B I 



SOME generalisations of Jensen’s inequality itS 


Proceeding in the same way, and by Biiniiltaneoue applications of 
Oanchy-Holder and Jensen’s inequalities we ultimately have the above 


(4 5) ^ I I .. .. 


and since 


{ f [fO)fd<-y :s| j 




the result (4 5) is easily seen to be 

1 


( 4-61 f[90)f'd.y' 


Also we have the result (4*5) 
1 


(4 7) S { f{mfd.y'{f 

0 0 

{/ 

0 

(48) :sn| • 


1_ 

jw+l 
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15 In Theorems III V, I have treated with composite sets of 
numbers. Let ns now do the same with integrable functions The 
theorem corresponding to Theorem III can be put thus — 


Theorem XV If i{x), g[x)y h{x) and h{x) be few fOBiliDo 
tnUgmblc funoHons in then will 

I f[p (^) /■ (» (®) I*” * 

9 ) [/ ^ 

I 1 

where p<{? and = 

Ihoof Wo have 

1 

(/'l/'' (*) / (0 A'P(OH^ }*’ 

o 


:s| j Hf)f 

V 

1 1 
/‘i/co !/(')i’’ '/"•}%{/[*(') mf 

rt 0 

(by genoraliHation of Minkowski's inequality f) 


^ Hero /'’ {/) m meant to denote L/fo)J'’ and not ^ y /(a?) as it often doei, 

f { ill- Auftjaben und Lehr$Uz& au$ der Analifst$ I Bd XIX 
— G Fdlya und G. Szeg6, 
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L — 

(4 9) U [J [S'(!K)]’ 

0 0 

0 0 I 

by Theorem XIII 


In this theorem, I have considered only four different functions in 
two groups, each consisting of two functions As in Theorems IV and 
V, this result also admits of generalisations in analogous forms The 
theorem corresponding to Theorem IV amounts to simple addition of 
several composite terms, each of two functions on the lefthand side and 
their corresponding terms on the righthand side. The proof follows 
easily, and is based on exactly the same lines as those of Theorem XV. 
It IS left to the reader It, as also Theorem XV, are generalisations of 
Theorem XIII which they include as a particular case I shall prove 
it now for the more general case, namely, where each term is composed 
of m functions 

16 In what follows / ^ = 1, 2, 3 r, denotes a series of 

functions the functions themselves having no 

necessary relation or connection with one another 


ThiPJOKBmXVI If f{x) , gix) , h{x) be m senes of positive 


integrahle functions in 1, then will 

{/ 5 [ jix)^ g(x)^ . . 


P=1 


k{x\f dx] P 


(410) ^ i y\fix ,fdxy . -[/[fcftcV]’ 


(411) ^ 5 [f^Lhix)^f''dxy 


where p<q cind 
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Proof 

We have 


5 [f{x\ g{x) 

p=i 


• r 

1 

“]P 

S f(^), g{x) . 

■ p=\ 

...Jc x)p dx S 

[/ rAa:'>p g{x)^ 

0 

] 

h{x)^f dxp 


(by generalisation of Minkowski's inequality) 
1 . 1 


( 4 . 10 ) ^ 



[by (4 5)] 

i- 1 - 


[by (4 6)] 


Also we have 


1 

{/s^[A*)p 9U\ . k(x)Jdxy 

(412) ^ {/'[?(-'')pf^*}^ . 

{f\m,f*' 

by (4.7). 
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This theorem is the most general one of the type considered and 
includes all the results of theorems XIII-XV as particular cases 

§5 

17 Unlike the previous case, the results of § 3 can all be applied 
to iptegrable functions and from what has already been discussed m the 
foregoing pages, the applications to positive integrable functions are quite 
evident The difficulties of the previous case do not in the least arise 
here I shall briefly discuss the case of two functions in Theorem 
XVII, and then generalise for any numbei of functions and finish this 
discussion with a proof for the case of series of composite functions, 
each term being composed of m functions 

Theorem XVII If f{x) and g{x) he any two positive integrable 
functions in ^ ^ 2 * then will 

1 

/ 2 U’ 1 

where p<q and 


/ ^a (7* 

*1 J 


Proof 


Using the notations of Theorem XII, we have 



IJ 

U " 00 



S' 


V V 


Y 


[by (3,1)] 
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r\fix)fd, \ « 


* 9 . I fl® 


which again, as in (3 2) 


(5 2) ^ I - L- / [ /(x)] ^ dx\^ I 1 ^ 

18 This result is easily extended to any number of functions and 
the corresponding result can be thus enunciated 

Theorem XVIII If f{x), g{x), <i){x) h{x) be any m positive 
mtograble functions in x^ x ^ then will 

( P ui 0 s(«) mf d, ] ^ 

t , 

(5-3) 

/•• . .. 
■ ■ (jpb. / W*))’*}’ 





where, as before, p<,q and p'‘^+q’'^:=h 
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These, as also othei analogous results, can be doduced very easily 
with the help of the previous theorems 

19 This paragraph IS devoted to the consideration of senes of 
composite functions The cases wheie each series is composed of two 
or three functions are easy to deduce I will prove foi the most geneial 
case, namely, with v senes of composite functions, each composed of w 
funotions. This corresponds to Theorem XVi of the previous case It 
IS stated thus — 


Theorem XIX If f{x)p^ he m snich of posilivo 

tntegmhle functions in Xi x ^ irjj, then will 



(5 6) 




1 



wlme '=1 


Proof, 

We liavo 


t. 


I f ' 


!/U\ 



1 
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by (5 4) 


Eesnlt/S roiTospoiulmpf to (3 11) ami (3 l2) also follow easily 

20 Some of the results of this paper admit of fuither exleosioiis 
and developments which will give rise to very interesting re- 
sults. 

Bull, Cal Math. Soc , Yol XXI, No, 3 & 4 (1929) 
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Flexure of a beam having a section m the i^^orm of a 

RIGHT-ANGLED ISOSCELES TRIANGLE 


BY 

Bibhutibhushan Sen, M Sc 
{Calcutta) 

Tlie problems of the bending of beams by transverse terminal loads 
have been solved only in a few cases of sections An approximate 
solution of the problem for the section of the foini of an isosceles 
triangle was given by S Timoschenko * in his pa])er on “The floxmo 
analogy of Membranes ” In the present paper, 1 have found exact 
values of the stresses in a uniform beam bent by a terminal load when 
the section is a rij^ht angled isosceles triangle. 

We suppose that one end of the beam is fixed and forces are applied 
at the other end which are equivalent to a single force W passing 
through the centroid G of the section We take the oiigin at the cen- 
troid of the fixed section, the axis of along the central line and the 
axis of £c perpendicular to the hypotenuse of the nglit-angled triangle 
forming the section. If the axis of y be taken parallel to the hypote- 
nuse, it is found that the axis of x and y are parallel to the principal 

axes of inertia of the cross sections at their centroids We resolve the 

force W into two components W^ and W^ parallel to the axes of j and 
2/ and find the solutions for the two different cases separately The 
solution when both of them act is to be obtained by combining the two 
solutions 


^ Lond Math Sog Proc (Senea2), VoL 20^ 
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Case L 

When Wi acts along the axis of i and there is no force along OY, 
we know from Love’s Elasticity* that the equilibrium can be maintain- 
ed if the stresses are such that 

X«=Y,=X,=0, 


Z,=:^W,(l^z) f, 
■^1 






where Z= length of the beam, the moment of inertia about the 
y-axis. 

IS the torsion function for the section and Xi ^ function which 
satisfies the equation 


_9.“Xi ■ Q^Xi -n 

a> dy* 


• ( 1 ) 


at all points of the section 

and 1^ -i cos ( r, r)— (2 + 0 -) cos (y^ v) 


( 2 ) 

at all points of the boundary 

T IS a constant of integration which can be determined by making the 
moment of the stresses about the central line vanish 


Eourfch edition, p 832, 
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The function <i> for the section was found in a very simple way by 
0 Kolossofi,* who took a different system of axes 

With reference' to our axes 


4>=z^y + ay + 9 a* ^ ^ 


s 

n=o 




(2w+l)® smli 


l^cosli TT (?/ — .t + ct) sin 7r(2/ + iK— a) 


+ cosli TT (y+aJ—a) sin — rr (y-oj + a) J 


where a is the porpendiculai distance of the hypotenuse from the cen- 
troid and the equations of the sides are 

a;=u, 

y=zji’\-2a, 

and 2 / = — (a;+2a) 

The problem now is to find Xi such that 


9*Xi 

00.“ 



... (1) 


throughout the section 


and = - «”+ (l-l)2''-] whenui=a, 


(3) 


9X1 ^ :=— (l + o-)**— 4a <ra:+2o*(2— or) 

da> 9 y 


when y—x + 2a ... (4) 

and + (l + <r)j)*+4acr*— 2a*(2— 0 -) 

6® 9y 


when y =— (a! + 2a) .. (5) 


• Parti 0. B 1 178 (1924). 


Let us assume 


^ 108a“ “ (-1)" r ,n7r 

+Pi — j— 5 -5 cosh ^ (x + 2a) 

^®sinh nTT i oa ^ ' 


cos 


mr^ 

3a 


+ cosh ^ ^ cos ^ + 2 a) 1 

oa 3a J 

Now since throughout the interval 3a>ij> —3a 


. ( 6 ) 


2 / 


> -3a= =3^’ “ S°° (ziil cos ^ 

TT^ n=l Ai-* Sa 


we find that all the oondibons (1 , ( 3 ), ( 4 \ ( 5 ) are satisfied, if 
Ai = -2a* 

Bi=acr 

o,=l±£: 

' 6 

p _2<r-l 

’ 2 

J 


( 7 ) 


Case II 

When the force Wji, acts along the axis of y and theie is no force 
along OX, the requisite stress components are given by the equations * 



w 

2 (r+ 4 “r 7 

w 




Z.=— ^ {l—z)y, 

X,=T^=X,=0 


Love’s Elasticity, 4tfa< Edition, p, 848. 
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Here Ig denotes tlie moment of inertia of the cioss section about the 
a: -axis and <f> has got the same value as befoie 

Xa IS a plane haimomc function which satisfies the condition 
^L»=— (2 + (r) xy cos (f, v) — [i <Ty^+ ^1— ^ ^ cos {y, v) 
at the boundary 

This boundaiy condition reduces to 

= ^(2+ cr) ay when x'=:a (8) 

O ^ 


QXa.^ 9Xa 
02 / 


= (l + cr)a5^ -f 4ac— ‘iftV when 1 /= t + 2a 


(9) 


9Xa . 9Xa 
00? 02/ 


(1-f or).6*-- 4a( +2a‘V when 2 /=“~(o? + 2a) 


(10) 


Let us assume 


+P,l“s!-'3" / -\),^rc,hy(.4.2.) CO. 

-TT® n«l sinh «.7r L da 


3a 


+ cosh «g-C08 3 ^(* + 2a)] 


+ Q! 


144a“ 


(- 1 )* 


^ ^ ^(2m + 1)® cosh — 'IT 


sinh j TT (a5 + 2a) sin iry 

6a '6a 


+8mh— Try sm ^^^^7r(i!+2a) J ... (II) 


2^^^-l 


Now since between the inteival ?^a'>y'> —3a 


2/= 2 ( — 1)” — sin Try, we find that all the 

ditions (8), (9) and (10) are satisfied, if 

A,=2a% 

Bg = a, 

P — 1 + 0 ^ 

and Q g ~ (2 *4“ crja 

Bull. Cal Math Soc , Vol XXI, Nos 3 & 4 (1929) 
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On the inteq-ral equation op bbssei’h punotion J„(a:) 

BY 

Eaj Kishore 
{University of Calcutta.) 

Integral equations corresponding to various well-known linear 
differential equations of the second order, except the general equation 
of Bessel, have already been found The ob3ect of the present papei 
IS to find an integral equation for BesseTs function directly from 

the differential equation It is believed that the results obtained arc 
new 

I take b his opportunity to express my best thanks to Piofessor 
Oanesh Prasad for his encouragement and interest 

1 Consider the equation 



where u together with its first two derivatives is continuous in the 
interval (0,1) Equation (1) can evidently be put in the form 

A (^vx )+(^-s)*=“ 

and IS therefore self- adjoint * 

Substituting X= v'Xa: in (1) we get 

s( 

or 

L(w) + ‘^>w=0 •,* (3) 


A E Foraythf Theory o/ Vif/erenUal Equations, Ft, III, Yol TV (0$mbnclge, 
1902), p 156, 
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where 


T /• A . ^ ^ \ w* 


Let ns suppose that the boundary conditions are 
ti(0)=0, and'?t(l)=0 

2 In order to construct Green’s function K(a;,j^) we observe that 

dK. 

(^) K IS continuous in the interval (0,1) , (iz) ~ — and -r — - are conti- 

dx d(^ 

nuous on (0,^), (^,1) sepaiately, and also L(K)=0 on (^,1) 

separately 

(^n) K'(!5-0)-K' ^ + 0)=^-, where K'==|? 

i 9 I 


Now L(K)=0 gives 


KM = 


Ao*" + BoX— , O^t^i 


Because of the boundary conditions and the properties of the 
Green’s function we have enunciated above we must have 


2ji 


(r-r”)a!", 




--r(, 


(4) 


3 We can easily show the equivalence ol the above boundary 
problem with a homogeneous mtegial equation thus ; 


We observe that 
and 

from which we get 


L'K)=0, 


u-L{K)--Uj{u)=:kKm 


or 


dx 
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Integrating the above fi’ora 0 to 0, and from if +0 to 1, taking 
account of the restrictions placed on K and and also noting tliat * 
Rq(w)=:0, Ro(K =0, Ei(w)=0, Ei(K)=0, we have 


/a(<)=X I K(,<,if) t u(t)dt;, 


(5) 


where K(a?,^) is given by (4) It may be noted that as usual the 
eqrtAtion (5) can easily be conveited into one with symmetric kernel 
on multiplying both the sides by Vd 

4. The most general solution of the equation (1) is given by 

hence the solution of the equation (2) can be put in the foi m 
A J ,i (ii* a/X) -j- B Tv „ a. a^^X) 

Now since 2^(0) =0, B=0, also because 26(1 j=0, we have 
J,(a/X)=0 

whose roots will give the characteristic constants These roots are 
positive and infinite in numbei The fundamental function corres- 
ponding to the root X^^ is given by 

</>,(ic)=J.CtVX,) . (6) 

5 In order to verify that the equation (5) is the integral e^u^tion 
for a/X ), let us substitute the value of <;«)*( 0 ivom (6) for u( < ) in 
(5) Thus 

1 

JJxVXf,)=rX^ 1 a/XjJ/ 




=-x* 


2n 


] 


'J„ 


* Here Ro(«)sou(0) + b ^ 'J 


» -0 

03“ 1 


pnd Bimilarly Bo(K) atid 


•■iippiPlWHi 
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_^1" I r+>J,(<v'Xt)(7^+|l^" j /5-*+'-T»(!!VXa)* 

* 

2n I I 

0 

V- 


2w 


Now since* 


and 


dx 


dx 


! have 

J„(a3 VAjss — ^2^ - + Jn + x 

x*J„.,(-x/X*) + -^^^ .f J..,(«a/X*) 

= i"J«( '\/A*)+ J„UVAa) 

=Jn(c«v'A";) 

Thus we have proved that 

J„(a5\/A;t)=A;t ( v^A^ 


* G- N. Watson, Theory of Bessel FuncUons (Cambridge t 1922), p, 18 
p-^11 Gal Math Soc , Yo} XXI, Nos^ 3 4; 4 (1929^. 
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On the bending of a loaded elliptic plate 


By 

SUDDHODAN GhOSH, D.Sc , 
{Calcutta University ) 


In a recent paper * Happel has given tlie solution of the problem 
of bendingof an elliptic plate loaded at the centie The ob]ect of the 
present paper is to obtain the solution of the same problem when the 
load IS concentrated at a focus 

1 In a plate slightly bent by transverse toices, the iioimal 
displacement w of the middle plane of the plate satisfies the equationi 

... ( 1 ) 

where Z' is the load per unit of aiea and D is the flexural rigidity of the 

plate and is equal to - being the thickness of the plate 

^ * 3 1 — cr ^ 

At points where theie is no load, 


if we take 


Vx '^=0 ... ( 2 ) 

”=-ra 


as a solution of (2), r being the distance of any point from the origin, 
we have 

and theiefore the normal shearing force N at any point 


= V> 

or ^ 


_ W 

2irr 

thus showing that the resultant shearing force on the part of the plate 
within the circle of radius r is W Hence W is the load at the origin 


^ MathemaUsoJie Zeitschrtjt^ Bd , 11 (1021), p 194 
J Lo've, Theorji of Elastmty (3rd ed ), p 492. 
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2, If we use the transformation 


we have 


cosh (a+t/5) 
e 

r=c cosh a cos (3 , y=c sinh a sin ^ 




.. ( 4 ) 


The curves asconstant and constant are a set of confooal ellipses 
and hyperbolas respectively The focii are given by a=0, ^=0, ard 
a=0| If R be the distance of a point (ol, /3) from the focus 

(G,0), then 

R = c(oosh a—cos /?) , (5a) 


log R=log - 4- a— -2 ^ cos n/3 

A H = X w 


3 Let there be a load W at the focus (0, 0) 


Assume 


R*(^ logR-log^ j+« 


where w' satisfies equation (2) and has no singularities within 

the plate 


We have 


Therefore 


R* = ^ (cosh 2a+oos 2/3 + 2— 4 cosh a cos jS), 

^T) t (s +a cosh 2a^ 

— +4a cosh COS ^ 

_( -a-.| e-2« ) cos 2^ 

_ “ ( 2e-(»-2)‘« 4e-"« 

»=a Mn— 2)(w— 1)« (n— + 


2e-(n + 2)a ■) , 


ON THE BENDING OF A LOADED ELLIPTIC PLATE 


m 


where 


w''^a + aQ cosh 2a+(a'i cosh a + ^i cosh 3a "1 cos /5 
4 -(ao + a'j, cosh 2a + aQ cosh 4a) cos 2^ 


+ 2 {aft^jOosh cosh + cosh (w + 2 ) a} cos ( 8 ) 


Fiom ( 6 ) and ( 8 ) it is easily seen that =0 when a =0 


If the edge a=a 0 be clamped, we have 


u )=0 and =0 
0a 


when a=ao. 


Solving the equations obtained fiom (9) we have 


a sinh 


w 

3 ' 27 rl) 2 a „— 2 cosh 2 ao— cosh* 2 ao], 


Wo» r. 


a, smh ‘2h=-^ 


[ 2 — 3e ^®<>-fcosh 2 ao+ 2 ao smh 2 ao], 


a\ cosh* ao smh 2 ao = — [H-(4e-“o +e«c))(3 smh Sa^ 


-cosh 3ao)+4 coshao(3af> smh 3ao— cosh 3ao) 


-4ao smh a^ cosh Sap], 


o/j oosh^ ttp smh. 2 ao = “-‘ g^Jj^ [-^ 34.4 cosh® ap — e“"3ao(cosh 


a', smh 2 ao cosh 4ao = -- 2 ao smh 4ap 


4-lrsmh ap)], 


1^4 smh 4ao 


— ^ —1 + ^ « 2ao_l e-4ao ^ qosIi 4apJ , 
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a, sinh 2ao cosh 4ao=ao smh 20 ^ 
Wo 


-32^ [-K“ l"“'--r"'“°+J-2 

+ ^—1+1 e“2«o— e-4«o^oo8h 2aoJ , 

a.',[n8inli 2ag+2 COsh 2oo fiinli (n + 2)ao] 

= — an-^[« sinh 4ao + 2 sinh 2«Oo3 

Wc* r. . A. . «> c 


8a-D 


- |^(w + 2) sinli (« + 2jao 


2e~"®o 


— 2)(re— l)n 

g-(n + 2)oo 


®o } 

-2) 5 


(«— 1)»(«H-1) w(«+l)(w+5 

( (n— l)w (n— l)(w + l) oi{n+l) )j 

a„[n smh 2ao+2 cosh 2ao sinh (w + 2)ao] 

= <^n-a[(^i— 1) smh 2aoH-sinh (2w— 2)ao] 




^-(n-2)ao 

(^— 2j(w — l)n 


2e"~^“o ) 

( 1 ^— •l)w(n+l) w(n4-l) (?t + 2) ) 

, ( e-(n-2)a„ 2e"’^“o , e-(w + 2)ao)'1 

+ COS wag I (n— l)w n(w + l) )J 

In oonolnsion, I wish to express my .thanks to Prof N R. Sen, for 
his interest m the preparation of the paper 
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On the condition op orthogonality of two circles 

By 

C V H Bao, M a 
(Umveisity of the Pun]ab) 

1 Given two circles, the Radical Avis is an ancient concept, but 
the Radical Circle* is of quite locent oiigin L establish, with carte- 
sians, the chief piopeity of tins Glide es a locus, I pioceed to point 
out how the j elation between two given ciides, then* Radical Axis, 
and the Radical Cncle is independent of metneal comida atiouh I then 
indicate how a necessaiy and sufficient condition could be stated in any 
system of geneial homogeneous co-ordinates for two circles to cut 
orthogonally, and as thus stated it will be apparent that bhi^ condition 
IS purely a condition of projective geometry I close with a verification 
that these ideas lead to the usual lesult in the areal system of co-ordi- 
nates 

2 Given in cartesians two circles and m the canonical form, 
we define the Radical Circle as the locus of centres of Circles which 
meet orthogonally, and are mot at the ends of a diameter by 

Tf So IS the varying Circle, its radius, and (^q, y^) the centre, the 

two conditions lead to 

^o = Si(^o> Vo), 2/o); 

whence the required locus is -f-S^ =0 and is symmetrical as between 
the two Circles t The Radical Axis being we may consi- 

der the coaxial system of circles fixed by and Sj, as a linear aggregate 
wherein the Radical Cncle may be defined as the fourth harmonic of 
the Radical Axis, this last being understood as the one member of the 
family which degenerates 

3 The centre of the Radical Axis, considered as a circle, being an 
inaccessible point, it follows tliat the centre of the Radical Circle is 

^ Of Ooohdge — The Circle and the sphere, pp 106-110 

f My attention has been diawn to this method of proof by Mr Haas Baj Mittal 
It may however be said to be contained implicitly in a remark m Ooohdge, Ioq mt 
page 100, end of Theorem 200, 
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tne point midway between tlie centres of Sj and Sg , andtbe Circle 
itself passes througli tbe two common points of Si, S 3 But in 
general it does not pass thiough the centres of Si, Sg If, however, 
it does pass through the centre of either of the two Circles, so does it 
pass thiough the centie of the ofchei as well , and as a consequence 
the two circles meet orthogonally 

Wherefore we say that the necessary and sufficient condition for 
two circles to inteisect oithogonally is that their Radical Circle should 
pass through the centre of eithei ciicle and hence also through the 
centre of the other 

4 Using any system of homogeneous co-oidinates, if Si(', t/, r)=0 

and z)=zO he the two given ciicles, the necessary and sufficient 

condition that they should cut at light angles is that tdi+XS 2=0 
should pass thiough the centie of eithei of the two given oiicles, where 
the constant X is to he so chosen that the circle Si— XS^rrO degene- 
rates into the line at infinity in the particular system of co-ordinates 
used togethei with a second line in the finite part of the plane 

5 Using areals m paitioulai, consider the circle 

S(cr, y, — fy 2=0. 

It may be expressed in the form 

where 

/ 3 +y— 2 /=a^X etc 

The Radical Circle of S and the circumcircle of the triangle of 
reference is then 


The condition for orthogonality is that this equation should be 
satisfied by the co-ordinates of the ciroumcentre which are proportional 
to 

sm 2A, sin 2B, sin 20 

We require therefore that 

(2 sm 2 A)( 2 a sm 2A) = 2X^a® sm 2B sm 20, which can he seen 
to reduce to the condition usually given 

Pull Cal Math Soc , Vol XXI, Nos 3 and 4 (J929), 
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On a case of vortex motion near semicircular 

BOUNDARIES AND INFINITE STRAIGHT BOUNDARIES WITH 
SEMICIRCULAR PROJECTIONS. 

By 

Kaminikomae Be, M-Sc 
{Calcutta University) 

As the resistance oEered by an obstacle to a streaming liquid is now 
definitely ascribed to the existence of vortices behind it, the study of 
vortex motion near simple geometric boundaries may not be considered 
quite unfruitful For a complete circular boundary (in two 
dimensions), a straight vortex is known to describe a concentric circle 
The method of images which gives the solution easily in this case, is 
directly inapplicable when the boundary consists of two arcs of circles 
By conformal transformation however, the region inside or outside the 
arcs can be converted into the region in an infinite half plane when the 
treatment of the problem by the method of image immediately leads to 
the desired solution, A theory of transformation by means of inversion 
has been given by Eouth* but the path of the vortex is fairly com- 
plicated and its actual plotting involves some labour In two 
important cases however, v%z^ when the motion is inside a semicircular 
boundary or in an infinite straight boundary with semicircular projec- 
tion, the plotting of the paths can be made to depend on the measure- 
ment of certain lengths without any trigonometrical calculations or 
.other additional constructions The object of the note is to draw 
attention to this point and actually plot the curves in these two cases 


* * Some Applications of conjugate Functions *,PfOc L»M»S , XXI, 1881, 
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f! 



Both the oases can be solyed by the same formulae of transforma- 
tion as shown below. 



The region inside the semicircular boundary (Aj^) is transformed 
ultimately into the semi-infinite plane on the positive side of the real 
axis and the infinite straight boundary with semicircular pro3ection 
(Bj) into the semi infinite plane on the negative side 

We have, 

so that 


{(a5-.a)8+2(«}a ’ 

and 

^=-4a(?±f5L, 

dz (2?— a)» ’ 


whence 


dw 

dz 


=4« Ii±£l 

I z-ay 


, where | 0+a | ={(!B+a)® + y’'}* , 

I z—a I ={(«!— a)*‘+y<'P. 
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Let a 7ortex at zy-plane correspond to a vortex at r^, 

m the 0-plane The stream function due to a vortex at^j, ^7^ in the 
semi-infinite plane is given by 




It 

47r 


log 




Now, the stream function for the motion of a vortex at y i 111 the 
0-plane can be found, when the stream function for the motion of the 
vortex at the corresponding point in the ^^;-plane is known. If 

Vi) X(^x» lx) these two stream functions, wo have 
x'O’i) ^1) 

J^'(«;..2/x)=x(fx,’7j+|^log 1^1 ,t 


Again, to find we have 



where 

+ ('If). 


indicate that in the results of differentiation we are to put^j, in place 
of 17 

Hence 


X=--log^, 

Thus for the region A^, we have 

x'(*u 2/a) = - I; log ’ 71 + 4 ;. log 


dw 

dz 



\ Zi + cb\ I 


.+ const^ 


so that the path of P is given by 


I g+<^ I g— ct I 
y(a+r)(ffl— r) 


const 


(1) 


t Bouth, loo» ctt.i p. 83. 
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In the same way for a vortex at w-plane correspond- 

ing to one at .^ 3 ^, t/a m the 0 -plane in the region 


and 


X=-^log (-Va) 


x'C'^a. 


I Zj + a I I g,— ftl 
ys(’'4 + a)(>!!-«) 


+ const 


( 2 ) 


% e , the path of the vortex m the region Bi, is given by 


=const 

2/(r+a)(r— a) 

In both the oases, to find the constant for a particular point {x^, yj 
we have only to measure the distances of the point from A and B, and 
from the origin The path of a vortex can easily be traced In Fig I 
and Fig II such paths have been shown 


The component velocities of a vortex at a*!, t/i can now be 
found since x' is the stream function of the vortex, we have 




dy 


V=: 


M 

Qx 


Differentiating equation (2) we have in the region II, 


8x^ _ ^ r 1 , 4a°y(a^-j-r^— 

Qy 47r L y (r*— a®)(r® +2cca-ba®)(r’'— 2cca+a*) 


_ 0x' ^ r Sa^scy^ 

“ 0^ 47r Lo*-a®)(r®+2a;a+a>^)(y»-2a?a + a®) 


... (3). 

... (4) 


h 1 

How, the velocity of a vortex in a semi-infinite plane is 7 - ~ m the 

4i7r y 

direction of ic-axis. So from equations (3) and (4) we easily see the 
effect of the semicircular projection, 
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Considering terms npto the order of a®// ® we jdnd from the above 
equations the alteration of velocity in the direction of c-axis to be 

— ^ (SL sin ^ cos 2^1 and in the dnection of w-axis — - sin ^ sin 2^1 

TT Vr3 / ^ TT ) 

Hence to the order considered, the effect of the semi-circnlai pio- 
3ection is to alter the velocity by the amount 


A, ^ 

sin 

IT r® 


Inside the semicircular boundary we wiite the expressions for 
velocity components in the form 







0U3 47r {(* + a)* + 


( 6 ) 


From equation (6), it IS seen that v=zO when either 2/= 0 or a; =0 
The vortex is not to be on the aj-axis , so the component vanishes on y- 
axis 

Inside the semicircular boundary we shall have a point where the 
velocity of the vortex vanishes This we can expect to lie on ^/-axis , 
hence putting a =0 in the expression for we get the equation 

y^ + --- z=z0 


as the equation giving y, where the velocity vanishes Now, this 
equation is a cubic equation in y ^ ; and in graphical representation we 
may take a as unity, so that we have 


2/^+5y^ + 3j/^-]=;:0 
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It IS seen that this equation has one real root lym^ between 0 and 1 , 
and this root has been foand to beO 237 veiy nearly, giving y “ + 486 
The negative value being inadmissible in the case eonsideied we have 
the null point, i e , the point where the vortex remains stand still, given 
by (0, 0 486) The point is shown in the graph by a cross mark 

It IS easily seen that in the region II, though the 2 /-component of 
velocity may vanish, there is no such point whore the vortex has no 
velocity at all 

The expression for pressure at a point on the boundary is cumbrous 
and does not appear to be of any use 

In conclusion, I wish to express my thanks to Dr N E Sen for 
suggestions and help 
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